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SUMMARY 

St ruc ture  of t he  compressed l a y e r  of gas behind one-dimensional t i m e -  
dependent large-amplitude waves moving across  a c o l l i s i o n l e s s  f u l l y  ionized 
magnetic plasma i s  s tudied  by means of e l ec t ron ic  computer codes developed 
by Auer, Hurwitz, and Kilb.  D a t a  from these  codes a re  processed by an au to-  
matic d ig i ta l - to-ana log  p l o t t e r  and presented graphica l ly  i n  seve ra l  formats 
t h a t  make it poss ib le  t o  observe s p e c i a l  c h a r a c t e r i s t i c s  of t he  development 
of c o l l i s i o n l e s s  shock waves. 

Cases considered i n  the  f i r s t  sequence of so lu t ions  i l l u s t r a t e  t he  
va r i a t ion  of t he  s t r u c t u r e  of t he  flow f i e l d  with Alfv6n Mach number of the  
shock f r o n t .  Changes brought about i n  these  flow f i e l d s  when the  dr iv ing  
and ambient magnetic f i e l d s  are assumed t o  be of opposite s ign  a r e  then 
s tudied .  Wave forms t h a t  r e s u l t  when two i d e n t i c a l  c o l l i s i o n l e s s  shock waves 
co l l i de  are presented f o r  two s p e c i a l  s i t u a t i o n s .  The e f f e c t  of t he  m a s s  
r a t i o  of t he  two charged species  and t h e  temperature of t h e  ambient plasma 
on the  s t ruc tu re  of t h e  magnetic f i e l d  i n  the  flow f i e l d  is  a l s o  considered. 

These graphica l  r e s u l t s  ind ica te  t h a t  a smooth, o rder ly  wave form i s  
achieved only f o r  compression waves i n  which the  Alfven Mach number of t he  
f r o n t  i s  l e s s  than approximately 2 b u t  g rea t e r  than 1 and the  ambient plasma 
temperature i s  very s m a l l .  
or t he  i n i t i a l  temperature of t h e  gas is not negl ig ib le ,  t he  dis turbance 
produces a f i e l d  t h a t  has a s p a t i a l l y  i r r e g u l a r  and disorganized form. The 
s t r u c t u r e  and ve loc i ty  of the  wave f r o n t  i s  then markedly t i m e  dependent. 
Solutions i n  the  strong-disturbance regime appear t o  be s o  i n d i v i d u a l i s t i c  
t h a t  only gross f ea tu res  are a t t r i b u t a b l e  t o  the  strong-family so lu t ions  as 
a whole. 

When the  AlfvGn Mach number i s  g r e a t e r  than 2 

INTRODUCTION 

Theoret ical  s tud ie s  of t h e  s t r u c t u r e  of shock waves and of t h e  com- 
pressed l aye r  behind them, i n  one dimension, provide information f o r  inves-  
t i g a t i n g  more complex flow f i e l d s  t h a t  involve the  same phys ica l  phenomena. 
Although the  s t r u c t u r e  of t he  compressed l aye r  i s  usua l ly  simple i n  continuum 
f l u i d  mechanics, such is  not  t he  case when the  gas i s  a r a r e f i e d  plasma. 



O f  i n t e r e s t  here  are t h e  changes t h a t  t ake  p lace  when a compression wave 
propagates across  a f u l l y  ionized magnetic plasma at a dens i ty  so  low t h a t  
t he  p a r t i c l e s  make n e i t h e r  s ing le  large-  angle  nor mul t ip le  small-angle 
encounters, b u t  i n t e r a c t  c o l l e c t i v e l y  through t h e i r  electromagnetic f i e l d s  on 
a sca l e  of t h e  order  of t h e  electron.Larmor radius;  that is ,  the  relative 
p o s i t i o n  and motion of t he  p a r t i c l e s  cont r ibu te  t o  o r  determine the  e l e c t r i c  
and magnetic f i e l d s  present  i n  t h e  f l u i d .  These f i e l d s ,  added t o  those 
impressed by ex te rna l  sources,  cause the  p a r t i c l e s  t o  be accelerated.  
a h i s t o r y  of t h e  changes brought about i n  t h e  f l u i d  as it passes from i t s  
undisturbed state i n t o  and through the  compressed layer provides a descr ip t ion  
of the  shock s t ruc tu re  and t h e  compressed l aye r .  Previous inves t iga t ions  
show t h a t  under such circumstances the  shock l a y e r  behind a r e l a t i v e l y  weak 
magnetic compression wave cons is t s  of a wave t r a i n  t h a t  i s  order ly  and smooth 
i n  shape; see f o r  example reference 1. For s t rong  disturbances,  however, the  
flow f i e l d  behind the  wave i s  h ighly  i r r e g u l a r  and t i m e  dependent as w a s  
discovered i n  reference 2. 

Hence, 

Numerous o ther  papers t h a t  a l s o  t r e a t  nonlinear waves of t h i s  type, 
sometimes ca l l ed  c o l l i s i o n l e s s  compression waves, co l l i s ion - f r ee  shock waves, 
hydromagnetic shock waves, e t c . ,  a r e  c i t e d  i n  t h e  l i s t  of references.  Most 
of t h i s  research i s  devoted t o  weak nonl inear  waves i n  a magnetic plasma 
having continuous s t r u c t u r e .  References t h a t  p e r t a i n  t o  waves i n  a non- 
magnetic plasma bu t  employing a phys ica l  model with d i s c r e t e  s t ruc tu re  are 
a l s o  c i t e d  s ince  it i s  j u s t  such a model t h a t  Auer, Hurwitz, and Kilb 
employed ( refs .  1 and 2 )  t o  examine the  propagation of both weak and s t rong 
nonlinear disturbances across  a magnetic plasma. I n  the  appendix, the  l i t e r -  
a tu re  r e l a t e d  t o  the  present  work is  grouped according t o :  (1) t h a t  bearing 
d i r e c t l y  on the  compression waves s tudied here ( refs .  1 through 26);  ( 2 )  t h a t  
concerning large-amplitude waves moving along o r  canted t o  a magnetic f i e l d  
( refs .  27 through 30);  (3) t h a t  concerning d i s c r e t e  models of c o l l i s i o n l e s s  
plasmas bu t  without a magnetic f i e l d  ( r e f s .  3 1  through 36) .  Also, s eve ra l  
papers a r e  noted t h a t  descr ibe phys ica l  s i t u a t i o n s  wherein these waves are 
known t o  occur o r  may occur ( refs .  37 through 45) .  
d iscuss  the  p o s s i b i l i t y  t h a t  c o l l i s i o n l e s s  shock waves occur a few Earth 
r a d i i  ahead of the  Ea r th ' s  magnetosphere and c i t e  da t a  from space experiments 
t h a t  suggest t he  presence of such waves. The in t e rac t ion  of co l l i d ing  waves 
i s  described i n  reference 42, the  r ad ia t ion  from co l l i s ion - f r ee  o r  near ly  
co l l i s ion - f r ee  shocks i n  references 43 and 44, and a way i n  which a plasma 
can be heated t o  high temperature, i n  reference 45. 

References 37 through 4 1  

The wealth of experimental da ta  from satel l i tes  i n  regions where highly 
nonlinear waves are thought t o  occur ( r e f s .  37 through 41)  has accentuated 
the  need f o r  more t h e o r e t i c a l  information of c o l l i s i o n l e s s  compression waves 
i n  order  t o  organize and c l a s s i f y  the  observed da ta .  Therefore, the  present  
inves t iga t ion  w a s  undertaken t o  gain added in s igh t  i n t o  the motion and s t r u c -  
t u r e  of large-amplitude, unsteady waves and of t he  plasma behind them f o r  a 
number of d i f f e r e n t  phys ica l  s i t u a t i o n s  by u t i l i z i n g  numerical techniques 
and graphica l  presenta t ion .  
revealed i n  t h e  s tudy of the  s t rong case ( r e f .  2), it w a s  f e l t  t h a t  such a 
d isp lay  of numerical da t a  would make it poss ib le  t o  i d e n t i f y  any order l iness ,  
flow pa t t e rns  o r  regular  s t ruc tu re ,  t h a t  i s  c h a r a c t e r i s t i c  of these waves. 

Because of t he  complexity of t he  flow f i e l d  

2 



. .. . .. 

A s  a minimum, a compilation of shock-wave so lu t ions  should provide a phys ica l  
f e e l i n g  f o r  t h e i r  p rope r t i e s  and a reference with which experimental da t a  can 
be compared. To achieve t h i s ,  t h e  r e s u l t s  of a systematic s tudy of t he  Auer- 
Hurwitz-Kilb d i s c r e t e  plasma model a r e  exhibi ted g raph ica l ly  f o r  a v a r i e t y  of 
parameters, i n i t i a l  conditions,  and boundary condi t ions.  

The numerical r e s u l t s  are obtained by means of a d i g i t a l  computer and 
t h e  majori ty  of t h e  f i g u r e s  are produced by a high-speed d ig i t a l - to -ana log  
da ta  p l o t t e r .  
t o  t he  NASA Ames Research Center by t h e  authors of references 1, 2, and 21. 
For t h i s ,  t h e  authors wish t o  acknowledge and thank the  General E l e c t r i c  Co. 
of Schenectady, New York,and i n  p a r t i c u l a r  Dr. Henry Burwitz, J r . , and  Dr. 
R.  W. Kilb. 

The two computer programs used t o  generate t h e  da t a  were given 

PRINCIPAL SYMBOLS 

A y component of magnetic vector p o t e n t i a l  i n  dimensionless form 
( see  eq.  (1 '7d)) 

b0 dimensionless magnetic induction ahead of wave ( s e e  eqs . (11) ) 
B magnetic induction 

Bm magnetic induction ahead of wave 

C 

e 

e0 

E 

EO 

EX, EY 

J 

J 

m 

MA 

I ve loc i ty  of l i g h t ,  - 

u n i t  charge 

dimensionless e l e c t r i c  f i e l d  i n t e n s i t y  a t  l e f t  boundary(see eq.(27b)) 

./Eel 

e l e c t r i c  f i e l d  i n t e n s i t y  

e l e c t r i c  f i e l d  i n t e n s i t y  a t  l e f t  boundary, t h a t  i s ,  x = 0 

dimensionless e l e c t r i c  f i e l d  i n t e n s i t y  i n  X and Y d i rec t ions  

e l e c t r i c  current  densi ty  

dimensionless e l e c t r i c  cu r ren t  dens i ty  (see eqs.  (15)) 

mass of p a r t i c l e  

Alfvgn Mach number of wave f r o n t ,  - US 
UA 
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I I 111 111w11 111 - 1111 

n 

N 

number density of particles 

n 
n0 
- 

number of slabs of plasma in flow field N s  

P 

rms 

R 

pres sure 

root mean square 

mi 
me 
- 

U 

Em; (ion plasma frequency)2 ._ 

2 (ion cyclotron frequency) 
R f 

see equations (31) 

time t 

T temperature 

velocity components in x and y directions 

U v EJ 

EO 
Bm 

electric drift velocity - UD 

extent df flew field in x direction xm 

rectangular Cartesian coordinates, x in direction of wave motion 

2 
A 
Xm 
A 
- 

xJY?z 

X 

Xm 

rms velocity of particles in X direction at T = 0 Xvav 

rms Y velocity of particles at I- = 0 

constant t h a t  regulates rate of rise of electric field eo 
(see eq. (27b)) 

a 

ratio of gas pressure to magnetic pressure P 
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Y 

E 

A 

P 

E 

pc 

3- 

Wch 

i 

P i  
W 

cP r a t i o  of s p e c i f i c  heats,  - 
cv 

e l e c t r i c  p e r m i t t i v i t y  of f ree  space 

uA - 
Wch 
magnetic permeabi l i ty  of f ree  space 

Lagrangian coordinate va r i ab le  

charge dens i ty  

t 
t* 
- 

e% hybrid cyclotron frequency, - 
.J", 

eBa ion cyclotron frequency, - 
mi 

ion plasma frequency, 

e i ec  t ron  

motion of e l ec t ron  r e l a t i v e  t o  guiding center  

guiding center  of e lec t ron  

ion 

value at, T = 0 o r  iinshocked plasma region 

shock wave or shocked plasma region 

vacuum-plasma contact  surface or vacuum ( p i s t o n )  region 

coordinate components 

quant i ty  used t o  make var iab les  dimensionless ( see  eqs.  (10) 
and (11)) 

u n i t  vector  

e l e  c tron 

( )+ ion 

( )k,( )k k t h  f l u i d  element o r  shee t  
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DEVELOPMENT OF EQUATIONS FOR m R I C A L  ANALYSIS 

A desc r ip t ion  is  given i n  re ferences  1, 2, and 21  of t h e  theory and of 
t he  e l ec t ron ic  computer codes t h a t  were used t o  generate  the  so lu t ions  p r e -  
sented i n  t h i s  paper.  
ing sec t ions .  
i s  presented, t h e  governing d i f f e r e n t i a l  equations a r e  introduced. Physical  
and mathematical i dea l i za t ions  t h a t  a r e  appl ied  i n  order  t o  develop the  com- 
pu te r  programs def ine  t h e  separa te  cases  t h a t  t he  codes represent .  
t i ons  f o r  t he  two cases  a r e  developed i n  two sec t ions  t h a t  bear  t h e  t i t l e s  
assigned t o  t h e  program. 
these  codes, the  reader  i s  r e fe r r ed  to t he  o r i g i n a l  papers given as r e f e r -  
ences 1, 2, and 21. 

A r6sum6 of each code is  also presented i n  the  follow- 
A f t e r  a phys ica l  desc r ip t ion  of t he  one-dimensional flow f i e l d  

The equa- 

For f u r t h e r  d i scuss ion  of t he  assumptions made i n  

Plasma Model With Continuous S t ruc ture  

Physical ~ d e s c r 9 t i o n . -  - A s  shown i n  sketch (a ) ,  t he  flow f i e l d  i s  taken 
and a l l  dependent var iab les  a r e  t o  

be a func t ion  of one space dimension 
and t ime. A l l  f i e l d s  and p a r t i c l e  
motions a r e  r e fe r r ed  t o  t h e  o r i g i n  
which i s  f ixed  i n  the  left-hand plane 
a t  x = 0. A f u l l y  ionized plasma, 
embedded i n  a s teady uniform magnetic 
f i e l d  i n  the  pos i t i ve  z d i rec t ion ,  i s  
s i t u a t e d  between the  two planes.  A t  
-t = 0 an e l e c t r i c  f i e l d  i s  es tab l i shed  
a t  x = 0 i n  the  pos i t i ve  y d i r ec -  
t i o n .  This f i e l d  i s  the  disturbance 
t h a t  acce le ra t e s  and compresses the  
plasma near t he  w a l l  i n  t he  x d i r e c -  
t ion.  

as  t he  space between x = 0 and x = xm 

Y 

The surface a t  xm can be 
regarded as a plane of symmetry sepa- 
r a t i n g  an i d e n t i c a l  flow t h a t  emanates 
from x = 2Xm. No motion of the  gas i s  

Although p a r t i c l e s  may move ve r t i ca l ly ,  
Sketch ( a )  permit ted i n  t h e  z d i rec t ion .  

t h a t  is ,  i n  the  y d i r ec t ion ,  va r i a t ions  i n  the  y and z d i r ec t ions  a re  not 
allowed (a/ay = a /az  = 0). It i s  assumed t h a t  t h e  number dens i ty  of the  p a r -  
t i c l e s  i s  so  low t h a t  t he  p a r t i c l e s  i n t e r a c t  on a co l l ec t ive  bas i s  through 
the  e l e c t r i c  and magnetic f i e l d s  only, t h a t  is ,  t he  s ing le ,  s t rong in t e rac -  
t i ons  a t  s h o r t  range and the  mult iple ,  weak in t e rac t ions  a t  intermediate 
ranges a r e  s u f f i c i e n t l y  r a r e  t h a t  t h e i r  e f f e c t  on the  flow f i e l d  i s  neg l ig i -  
b l e .  The ion and e l ec t ron  Larmor r a d i i  a r e  l e s s  than the mean f r e e  path 
based on the  Coulomb cross  sec t ion .  Under these  circumstances, t he  gas can 
be considered as co l l i s ion - f r ee .  

6 



The plasma i s  assumed t o  cons i s t  of equal numbers of ions and e lec t rons  
t h a t  have equal bu t  opposite charge of u n i t  magnitude e .  Pos i t i ve ly  charged 
p a r t i c l e s ,  ions, are assumed t o  have a m a s s  m i ,  and negat ively charged pa r -  
t i c l e s  %, s o  t h a t  t h e i r  mass r a t i o  i s  R = mi/w. These p a r t i c l e s  are 
assumed t o  be embedded i n  a magnetic f i e l d  t h a t  has only a + z component 
t h a t  i s  a funct ion of only the  one space dimension x and time t; t h a t  is, 
B = $B,;x , t ) .  /in idea l ized  flow f i e l d  extending i n d e f i n i t e l y  i n  the  y 
d i r ec t ion  bypasses the  need t o  consider r e tu rn  c i r c u i t s  f o r  t he  e l e c t r i c  
cur ren ts  i n  t h a t  d i r ec t ion .  Final ly ,  t he  i n i t i a l  s ta te  of t h e  plasma i s  
assumed t o  be known. The d i f f e r e n t i a l  equations governing t h e  flow f i e l d  i n  
which the  ambient plasma i s  cold a r e  developed i n  the  next subsection, and 
i n  the  subsection following the  d i f fe rence  equations f o r  a computer program, 
Code I, which generates  t h e  so lu t ions  for cold plasma, a r e  examined i n  d e t a i l .  
Following tha t ,  a subsection i s  devoted t o  a review of add i t iona l  phys ica l  
i dea l i za t ions  and modifications t o  the  bas i c  d i f f e r e n t i a l  equations t h a t  
permit the  e f f e c t s  of an i n i t i a l  f i n i t e  temperature t o  be incorporated i n t o  
a second machine program, Code 11, which generates  so lu t ions  f o r  w a r m  ambient 
plasma. 

-+ 

Two-fluid equations for cold plasma.- D i f f e r e n t i a l  equations i n  Eulerian 
form f o r  t he  problems under considerat ion are l i s t e d  i n  vector  no ta t ion  as 
follows (see  t a b l e  of symbols). 

Conservation of momentum 
A 

aui -+ -+ e + - . +  -.+ 
- + ( U t *  V ) U i  = - ( E  + U i  Y B)  a t  mi 

-.+ 
where U = u: + v j  + wg, and w = 0 for t he  problems t o  be considered here .  

Conservation of mass o r  charge 

If the  charge and c.urrent dens i t i e s  are introduced a t  t h i s  po in t  by the  
def in ing  r e l a t i o n s  

P, = e ( n i  - ne)  ( 3 4  

7 



then from equations ( 2 )  and (3 )  t h e  following r e l a t i o n  i s  obtained, 
. 

Electromsgnetic f i e l d  equations 

sub jec t  t o  the  f i e l d  conditions 

-+ -+ 
o x B = p j  

where the  term 
i n  comparison with p j .  

pE(a:/&) i n  equation (4a)  has been assumed t o  be neg l ig ib l e  
-+ 

When the  preceding equations a r e  reduced t o  t h e i r  component forms t h a t  
are appl icable  t o  t h e  one -dimensional unsteady problems considered here,  they 
become : 

Conservation of x momentum 

Conservation of y momentum 



Conservation of mass or charge 

ane heue 
- + - -  - 0  at ax 

Equations (3b) and (3c) become 

jx = e(niui - ne+) 

Pilcctrcimgnetic field equations 

- -  ax - -pjy = -ep(nivi - neve) 

subject to the field condition 

In any numerical analysis, it is convenient to reduce the equations to 
a dimensionless form by dividing each of the flow variables by a quantity 
that has the same dimensions and is characteristic of the Plow field. 
number of combinations of parameters could be used to carry this out but the 
system used here will be that employed previously in references 1 and 2, 
namely, 

Any 

1/2 1, c” = (uAuD) = snowplow” velocity 

where 

Up, 

UD 

B,/[yn,(mi + +)]1’2 = Alfvkn velocity 

E,/B, = electric d r i f t  velocity 

9 

- .. . . , ... . . ... - . ~  __ 



B, ambient magnetic induction ahead of wave 

E O  electric field at x = 0 that excites disturbance magnetic field 

no number density of particles in ambient field 

B* = B,U*/U* = B, 4- 

A = U*/idch = characteristic length 

t* = A/ .J3& 

When these quantities are combined with the various flow variables, a set 
of dimensionless quantities to be used in the calculations are defined as, 

10 



where 

and 

whcre 

dNe aNeUe - + - -  - 0  a7 ax 

aB = Neve - N i V i  (16a) 

(1SC ) 

noe2 
2 

- R c 2  ( 16d ) Em: ( i o n  plasma frequency) - 

\' ( i o n  cyclotron frequency)2 
- - R + 1 uA2 Rf 2 

Subsequent development of t h e  governing equations-is s impl i f i ed  by introduc- 
ing a t  t h i s  po in t  t he  magnetic vec to r  p o t e n t i a l ,  A, def ined i n  such a way 
t h a t ,  i n  dimensionless form, 

11 



The choice of components f o r  t h a t  accomplish t h i s  a r e  A, = 0, A, = 0, 
and 

where 

A = Ay/B*A 

Plasma I.Iodel With Discrete  Structure  

i i n t i l  now t h e  flow f i e l d  has been regarded as a continuous, f u l l y  
ionized gas, f o r  which a l l  dependent va r i ab le s  are smooth funct ions of t h e  
Eulerian va r i ab le ,  X, and time. If t h i s  continuous plasma s t r u c t u r e  i s  
replaced by a plasma having d i s c r e t e  s t r u c t u r e ,  t h e  ana lys i s  of t h e  nonsteady 
flow f i e l d  i s  s impl i f i ed .  Therefore, t he  plasma contained between t h e  planes 
a t  X = 0 and X = Xm i s  subdivided i n t o  many s l abs ,  eacl- containing'equal 
numbers of e l ec t rons  o r  ions.  Two s l abs  t h a t  are coincident a t  a given time, 
one containing ions and t h e  o the r  containing a l i k e  number of e l ec t rons ,  con- 
s t i t u t e  a f l u i d  s l a b  o r  a f l u i d  element of plasma. The Eulerian coordinate, 
X, of such a plasma element can be r e l a t e d  t o  the  Lagrangian va r i ab le s ,  
and Se,  which are defined as the  amount of f l u i d ,  ion or electron,  t o  t h e  
l e f t  of t he  pos i t i on ,  X, t o  which it i s  assigned, i n  dimensionless notat ion.  
Thus, 

0 1' 

A t  I- = O, s i  = Se, Mi = Ne, and charge s l a b s  a r e  uniformly d i s t r i b u t e d  s o  
t h a t  s ( X , O )  = Nx. After  t he  plasma is  s e t  i n t o  motion, ion slabs and e l e c -  
t r o n  s l abs  move d i f f e r e n t l y  because of t h e i r  d i f f e r e n t  masses. I n  f a c t  it 
can be seen t h a t  ion slabs can overtake one another leaving t h e i r  former 
e l ec t ron  slab companions behind and t h a t  e l e c t r o n  s l abs  do not overtake one 
another except under extreme condi t ions.  (See r e f .  2 6 . )  This i s  t h e  p r i n -  
c i p a l  f e a t u r e  t h a t  s eve re ly  complicates t h e  use of t he  Eulerian coordinate 
system. Conversion of t h e  d i f f e r e n t i a l  equations t o  t h e  Lagrangian coordi-  
na te  system a f fo rds  a means by which ion and e l e c t r o n  s l a b  motions can be 
followed sepa ra t e ly  regardless  of whether o r  not  overtaking occurs, y e t  
permits a desc r ip t ion  of the  flow f i e l d  i n  terms of the  Eulerian coordinate.  
Flow f i e l d  v a r i a b l e s  Ui, Ue, V i ,  Ve, EY, and B can be found as funct ions 
of X and T by means of t h e  following i d e n t i t i e s :  

12 



and 

The acce lera t ion  of a given segment of t he  plasma i s  then 

s o  t h a t  equations (12)  t o  (16) can be rewr i t ten  with the  a i d  of t he  p o t e n t i a l  
A as 

and 

o r  

"I 

= - ( R  + l)(EX + VeB) 
5 ,  

I 
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or,  a t  a given time, 

N e  = 7 ve - vi  
T N1 

N; 

s ince  si  = k e  ahead of t he  wave and a t  X = &. 

Effec ts  of Charge Separation and Temperature 

Charac te r i s t ics  of t he  flow f i e l d s  represented by the  two machine codes 
considered i n  t h i s  paper (and re fer red  t o  h e r e i n a f t e r  as Code I and Code 11) 
can now be discussed by means of equations (18) t o  ( 2 1 ) .  A s  mentioned p r e -  
viously, it i s  assumed t h a t  t he  number dens i ty  i s  so  low t h a t  the  p a r t i c l e s  
i n t e r a c t  only co l l ec t ive ly .  A s ing le  charge s lab  is  accelerated by the  long- 
range forces  of t he  e l e c t r i c  and magnetic f i e l d s  brought about by the  r e l a -  
t i v e  pos i t ions  and motions of a l l  o ther  ion and e l e c t r o n  charge s labs .  A l s o ,  
the  foregoing equations do not contain pressure or viscous terms. I n  addi -  
t i o n  t o  t h i s  r e s t r i c t i o n ,  both codes assume t h a t  the plasma proper t ies  and 
the ambient magnetic f i e l d  a r e  such t h a t  t he  parameter Rf i s  la rge .  Then 
from equation (21e)  

bo2 
- ( N i  - Ne)  ~ + 1  z 0 1 am F a x -  

14 
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or  i n  the  l i m i t  as Rf + 

N i  = Ne G N 

It then follows by conservation of mass of both species  (eqs.  (20) )  t h a t  

u i = u  = u  e -  

Since Rf = lo3 - lo8 i n  both laboratory fusion devices and i n  the  v i c i n i t y  
of t h e  e a r t h ' s  magnetosphere, such an approximation appears t o  be qui te  
reasonable.  Development of t he  code requires  several '  a d d i t i o n a l  assumptions 
regarding the  ordering of t he  charge s l abs  a t  each i n s t a n t  of t ime. The 
order assumed a t  t = 0 is not necessar i ly  preserved for st rong compression 
waves passing through the  plasma because the  t r a j e c t o r i e s  of s labs  can cross .  
I n  such s i tua t ions ,  it is  phys ica l ly  reasonable t o  require  t h a t  the  e lec t ron  
s labs ,  because of t h e i r  smaller mass, r e t a i n  t h e i r  o r i g i n a l  order .  Only the 
ion s labs  w i l l  take on a new p o s i t i o n  sequence as predic ted  by the  equations 
of motion. 

A computer code, developed a t  Ames Research Center as an extension of 
Code I and presented i n  reference 26, does not assume the parameter Rf t o  
be la rge  and therefore  t r e a t s  t he  plasma as a medium with two separate  f l u i d s .  
Flow-field elements t h a t  contain e i t h e r  ions or e lec t rons  b u t  never both a r e  
followed as individuals  and a r e  permitted t o  interchange order  i n  the  manner 
indicated by t h e i r  respect ive equations of motion. The r o l e  of the  e l e c t r i c  
f i e l d  comes about because i n e r t i a l  forces  tend t o  separate  the  ions and e l ec -  
t rons .  Counteracting t h i s  tendency t o  separate  i s  the  e l e c t r i c  f i e l d  
EX (eq.  (2lf)). Some compromise p o s i t i o n  o r  separat ion d is tance  between s lab  
p a i r s  w i l l  then r e s u l t  and an o s c i l l a t i o n  about t h i s  r e l a t i v e  p o s i t i o n  may 
occur. The flow f i e l d s  analyzed by t h i s  code had a f i n e  s t ruc tu re  t h a t  would 
not be observable i n  those analyzed by Code I of the  present  paper.  It w a s  
found i n  reference 26 t h a t  as 
v a l i d  and, i n  fact ,adequate f o r  Rf > - 100. 

Rf + w, the  assumptions r e f e r r e d  t o  above a re  

I n  Code I, which is  d e a l t  with next, the  p a r t i c l e s  ahead of the compres- 
s ion  wave a r e  assumed t o  be s ta t ionary ,  t h a t  is, a t  zero temperature. 
Code 11, developed by K i X b  i n  reference 21  as an extension of Code I, t r e a t s  
a compression wave passing i n t o  a gas t h a t  has a s m a l l  temperature. In  both 
codes, I and 11, charge separat ion i s  not  allowed. When the  p a r t i c l e s  move 
at  random i n  the  undisturbed region, t h e  gas is r e f e r r e d  t o  as being thermal- 
ized.  Since severa l  i dea l i za t ions  were required i n  order t o  make Code I1 a 
reasonable numerical ca lcu la t ion ,  the  temperature, or magnitude of the random 
v e l o c i t i e s  permitted, i s  r e s t r i c t e d  t o  moderate values so t h a t  t he  ambient 
gas i s  r e f e r r e d  t o  as "warm" or "tepid" r a t h e r  than "hot." Modifications 
t h a t  a r e  made t o  equations (18) t o  (21 )  t o  account f o r  t he  e f f e c t s  brought 
a-bout by such an i n i t i a l  temperature a r e  elaborated upon i n  a subsequent 
s e c t i o n  of t h i s  paper ,  



CODE AMBIENT GAS: CODE I 

As pointed out previously the  def ining c h a r a c t e r i s t i c s  of t h e  flow f i e l d  
represented i n  t h i s  computer program a r e  t h e  assumptions t h a t  t he  i n i t i a l  
temperature of t he  plasma is zero and t h a t  the  parameter 
Therefore, the number dens i ty  and the  X v e l o c i t i e s  of the  ions a t  a p a r t i c -  
u l a r  X l o c a t i o n  must be the  same as t h e  e lec t rons  a t  t h a t  locat ion;  t h a t  is, 

Rf i s  i n f i n i t e .  

N i  = Ne E N ( 2% 1 

so  t h a t  a t  any i n s t a n t  

and 

ui = ue u 

Even though ( l / R f ) ( & X / a X )  i s  zero, EX i t s e l f  i s  not zero b u t  i s  of such a 
magnitude t h a t  paired ion and e l e c t r o n  s l abs  a t  a given loca t ion  and spec i -  
f i e d  time s a t i s f y  equation (22b) .  Since the  X ve loc i ty  i n  equations (18a) 
and (1811) i s  the  same, it can be eliminated from those equations t o  y i e l d  

Equation (2lf) does not cont rad ic t  equation (23 ) . 
s i  and k e  
s i t ua t ions  i n  which Rf i s  not i n f i n i t e  equations ?e l f )  and (23)  can be 
used t o  ca l cu la t e  the  charge separa t ion  dis tance;  thus,  

The Lagrangian var iab les  
a r e  equal because the  product R f ( k i  - 5 ) must be f i n i t e .  For 

If the X momentum equations a r e  now employed t o  e l iminate  EX with the 
a i d  of equations (16a), (22) ,and  (23) ,  the  following r e l a t i o n  i s  obtained, 
namely, 

o r  
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When the equations f o r  t he  y momentum (eqs.  (19)) a r e  in tegra ted  once, 

0 s i  = constant  o A'+ - v i + -  v i + - -  A 
R + 1  R + 1  

0 5, = constant AR o AO-R 
~ + i d ' ,  -ETT Ve - - -  

0 0 0 0  where 
the  p a r t i c l e s  5 i  and Eje i n  the  f l u i d  element 6 under considerat ion had a t  
time I- = 0. A d i s t i n c t i o n  must be made here between ions and e lec t rons .  
Even though the  l o c a l  value of 5 a t  a given time i s  the  same f o r  both spe- 
c i e s ,  the  o r i g i n a l  ( i . e . ,  a t  
d i f f e r e n t  f o r  s t rong waves. On the  phys ica l  grounds ( see  r e f .  2 )  t h a t  t he  
ions have a la rge  i n e r t i a  compared t o  t h a t  of the  e lec t rons ,  it is  assumed 
t h a t  t he  ion t r a j e c t o r i e s  can cross  one another so  t h a t  sp i s  not always 
equal  t o  5 .  Conversely, it i s  assumed t h a t  the  e lec t rons  always r e t a i n  t h e i r  
o r i g i n a l  order; t h a t  i s ,  E r e  = 5 = 5:. 
ion-electron p a i r s  as they assume successive pos i t ions  i n  time. 

V i ,  Ve, E L ,  Ej,, and A'+, Ao- a r e  the  values of these  parameters t h a t  

I- = 0)  loca t ion  (6: and 5:) of each can be qui te  

To i l l u s t r a t e  t h i s  po in t  consider two 
Sketch ( b )  

represents  the i n i t i a l  ordering of 
charge p a i r s ,  t h e i r  pos i t ions  j u s t  p r i o r  
t o  interchange and t h e i r  ordering a f t e r  
interchange. A t  T = 0, two f l u i d  e l e -  
ments a r e  shown l a b e l l e d  k and k + 1. 

t r o n  
0- 

Ek+, J 

each cons is t  of an ion and e l e c -  
layer  l a b e l l e d  
respec t ive ly .  Before the  ion 

E;', 6;- and E:$=, 

o r b i t s  cross ,  f o r  example,at 
k t h  ion and e lec t ron  s l ab  s t i l l  t r a v e l  
together ,  and s i m i l a r l y  f o r  the  ( k  + 1 ) t h  
p a i r .  The next computed loca t ion  f o r t h e  
two f l u i d  elements, I- = TZ, i l l u s t r a t e s  
the  new ordering as a consequence of 
interchange of ion par tners  which i s  
equivalent t o  the  requirement t h a t  e l ec  - 
t rons  do not lose  t h e i r  i n i t i a l  s p a t i a l  
ordering. Therefore, a t  I- = I - ~  

1-1, the  

b u t  
V 0 e E,+, 

Sketch ( b )  

The equations f o r  t he  conservation of mass, t he  magnetic f i e l d  and the  
y component of the  e l e c t r i c  f i e l d ,  become 
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( 26b 

The boundary conditions imposed on the  flow f i e l d  may be divided i n t o  
the  i n i t i a l  and the  w a l l  conditions.  A t  time T = 0, the  gas i s  assumed t o  be 
s t a t i o n a r y  and d i s t r i b u t e d  uniformly throughout the  flow f i e l d  between 
and X = Xm. Hence, 

X = 0 

7 

u(x,o) = 0 I 
EX(X,O) = EY(X,O) = 0 } 

J A(X,O)  = bo(X - X,) 

A t  the  lef t -hand w a l l ,  X = 0, an e l e c t r i c  f i e l d  is  assumed t o  be applied i n  
the  y d i r e c t i o n  of magnitude 

EY(o,T)  = e o ( l  - e-aT) (27b ) 

A t  the  far boundary, X = Xm, 
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Numerical treatment of t he  flow f i e l d  is  f a c i l i t a t e d  by the  concentra- 
t i o n  of t he  uniform d i s t r i b u t i o n  of plasma i n t o  Ns d i scre te ,  coincident 
p a i r s  of charge s labs ,  t h a t  i s  i n t o  Ns e l e c t r i c a l l y  n e u t r a l  f l u i d  elements, 
of thickness  6 as i l l u s t r a t e d  schematically i n  sketch ( e ) .  The thickness 
of t he  s l abs  is then taken t o  be 
vanishingly small; 6 + 0. Each f l u i d  
element contains an equal number of 
ions and e lec t rons ,  and t h i s  number 
i s  the  same for a l l  of t he  elements 
(or sheets ,  s ince  the  thickness i s  
zero) .  Hence, t he  amount of f l u i d  
per  u n i t  a r e a  or charge dens i ty  on 
each shee t  i n  dimensionless nota t ion  
i s  Xm/Ns. The i n i t i a l  spacing of the  
sheets  (T = 0) is taken t o  be 

i 

X 

xm'xN,+l E; = mm/(Ns + 1) 
Sketch ( e )  

where k = 1, 2, 3 ,  . . . , Ns s o  t h a t  t he  sheets  a r e  not located a t  the 
m a s s  centers  of the  volume elements t h a t  they represent .  Since the  number of 

sheets  w i l l  be of the  order of 1000, to 
e r r o r  incurred due t o  t h i s  i n i t i a l  displacement is  ignored. It i s  a l s o  t o  
be noted t h a t  a shee t  i s  not  Located a t  t he  X = Xm plane.  The s t a t i o n  
XN,+= i s  the  boundary a t  Xm and contains no plasma. 

= G N s / ( N s  + 1) - Xm and the  s m a l l  
NS 

In  the  discussion t h a t  follows the phrases "charge s labs ,"  "current 
shee ts , "  and l l pa r t i c l e s , l '  appropriately iden t i f i ed  as t o  e lec t ron  or ion, 
negative or pos i t i ve ,  w i l l  be used interchangeably. Since charge n e u t r a l i t y  
i s  required everywhere, s l abs  or p a r t i c l e s  a t  a given loca t ion  must be p r e s -  
en t  i n  equal numbers. 

Since a l l  of the p a r t i c l e s  and therefore  a l l  of the  e l e c t r i c  currents  
a r e  concentrated on shee ts ,  t he  magnetic f i e l d  (which i s  always t a n g e n t i a l  
t o  t he  shee t )  must change discontinuously across  the sur face .  A given value 
of B i s  defined as t h a t  value of the  magnetic f i e l d  t o  the  r i g h t  of a 
given element; t h a t  i s ,  Bk = magnetic f i e l d  t o  the  r i g h t  of the  kth sheet .  
Then the  boundary condition on the  kth shee t  i s  

where Xm/Ns i s  t h e  dimensionless number dens i ty  of each species  on the  kth 
surface.  
r e n t  i s  negl ig ib le ,  because shee t  v e l o c i t y  perpendicular t o  the  ambient f i e l d  
i s  slow compared with the  v e l o c i t y  of l i g h t .  To t h i s  degree of approximation 

Equation (28a) contains the  assumption t h a t  the  displacement cur -  



t h e  magnetic f i e l d  remains unchanged i n  the  reference frame moving with a 
shee t .  (See, e .g . ,  ref. 46, p .  330.) Also, equations (25)  become 

k Ak A;+ 
v i + - - -  R + l - R + 1  

since v i  = TIe = 0 i n i t i a l l y .  Hence, 

A s e t  of d i f fe rence  equations i n  matrix form can now be derived by the  
same technique used i n  the  numerical codes developed f o r  references 1 and 2. 
From equation (28a) ,  the  re la t ionship  between any three  consecutive sheets  
can be found t o  be 

Equations (28b) and ( 2 8 ~ )  lead t o  the  r e l a t ions ,  

-1 Of O+ 
(Ak - Ak+l - Ak + Ak+i) 

k k+i vi - vi = - R + 1  

The dimensionless expression f o r  the magnetic vector  po ten t i a l ,  Ak, t h a t  
i s  appl icable  t o  the  stepwise changes t o  be an t ic ipa ted  i n  the flow f i e l d  i s  
from equation ( 1 7 ~  ) 
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Since the magnetic field is constant between sheets it can be rewritten as 

Ak = Ak(T) = - soT EY(O,T')dT' + 7 (XI - XI-~)BI-~ - boXm 
_I 

I= 1 

where 
Ak can be expressed as 

Xo = 0 and XN +l = Ym. If the integration is referred to Xm, then 
S 

NS 

Ak = 7 (XI - XI+~)BI ( 29b ) 
2 

I=k 

and the following relations derived 

xm 
Ns + 1 bo - = - 

In equation (3Ob) the indices 
$(T) and Xk+l(T). 
of the kth and (k + 1)th ion slabs need not be the same as that of the 
electron slabs presently at xk and xk+l, respectively. Equation (30~) 
reflects the fact that sheet spacing is based on Ns + 1 locations. The 
difference equation for Bk can then be written in the form 

k and k + I refer to the ion .slab located at 
As was illustrated in sketch (b), the initial positions 

or 
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For reasonable numerical accuracy, a l a rge  number of f l u i d  elements or 
sheets  (about 1000) should be used i n  a computation. 
inverted i s  then s i zab le .  E f f o r t  required t o  c a r r y  out t h e  inversion is 
modest, however, because t h e  matrix cons i s t s  of only three  terms t h a t  l i e  
along a diagonal.  A technique, used but  not  presented i n  references 1 and 2, 
t h a t  accomplishes the  t a s k  requires  t h a t  t h e  foregoing d i f fe rence  equation 
f o r  Bk be formed i n t o  the expressions 

The matrix t o  be 

where 

The quan t i t i e s  Rk and sk a r e  evaluated by s t a r t i n g  a t  the  plane X = &, 
whereas the  quant i ty  Bk 
boundary, X = 0. 
ous quan t i t i e s  on both s ides  of t h a t  plane a r e  mirror images of each other ;  
i n  p a r t i c u l a r  , 

i s  computed by means of conditions a t  the  lef t -hand 
Since the boundary a t  & i s  a plane of symmetry, the  v a r i -  

When t h i s  condi t ion is  i n s e r t e d  i n t o  equation (31a), it i s  seen t o  require  
t h a t  RN,+~ = 1 and SN,+~ -1 0 s o  t h a t  

s ince  XNsfl = Xm. Once the  
der  of the  values of ftk and 
(31b) and ( 3 1 ~ ) .  

values a t  the  Nsth sheet  a r e  known, the  remain- 
Sk a r e  determined by the  recursion r e l a t ions  

A t  the  lef t -hand boundary, the  disturbance i s  generated by an e l e c t r i c  
f i e l d  so  t h a t  t h e  value of the  magnetic vector  p o t e n t i a l  a t  X = 0 i s  given 
by equation (29a)  as 

A, = A ( O , T )  = -eo ( 3 3 4  
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From equation (3Oa) 

where Bo i s  the  magnetic induction between the  X = 0 plane and the f i rs t  
shee t  which is  located a t  X = X1. This p a r t  of t he  flow f i e l d  i s  of ten  
r e f e r r e d  t o  as the  vacuum or magnetic p i s t o n  region because it contains no 
p a r t i c l e s  and only magnetic f i e l d .  Equation (3la) provides the expression 

B 1  = 621 * Bo + S, 

where 
When the  foregoing r e l a t ions  a r e  combined with equations (28) ,  it is  found 
t h a t  

R 1  and Sl a r e  assumed known from the use of equations (31) and (32) .  

R + 1  + B 1  - Bo = xm N, ( A 1  ~ 

- 

0 -  O+ Since A,, R,, S1, Al, and A 1  have been computed a t  t h i s  s tage  of the  ana l -  
y s i s ,  the quant i ty  Bo can be found as 

BO 
(itl - 1 - x*) NS 

A n  equation of motion f o r  the  s l abs  of plasma i s  obtained from equa- 
t i o n  (24)  as 

Equations (31 )  through (34 )  cons t i t u t e  a closed system thereby making it 
poss ib le  t o  evaluate  numerically the  f l u i d  motion and electromagnetic f i e l d s  
t h a t  occur when a given plasma i s  compressed quickly by a magnetic f i e l d .  
Typical cases t h a t  i l l u s t r a t e  t he  various phenomena t o  be -:xpected f o r  a range 
of boundary conditions a r e  present  i n  f igu res  1 through 12. Per t inent  char-  
a c t e r i s t i c s  t o  be noted w i l l  be pointed out and discussed i n  a l a t e r  sec t ion .  

WARM AMBIENT GAS: CODE I1 

The zero temperature assumed f o r  t h e  ambient gas ahead of t he  wave i n  
the previous code i s  defined as t h e  state wherein the  gas p a r t i c l e s  a r e  sta- 
t ionary  and spaced uniformly within a magnetic f i e l d  of constant s t rength .  
When the  plasma i n  the  undisturbed region has a f i n i t e  temperature, the  
uniformity of the  flow f i e l d  i s  destroyed by any of the  th ree  s e t s  of i n i t i a l  
conditions t h a t  can be made f i n i t e  and random r a t h e r  than zero; these 

23 
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quan t i t i e s  a r e :  (1) v e l o c i t i e s  i n  the  X d i r ec t ion ;  ( 2 )  v e l o c i t i e s  of the  
ions i n  the Y d i rec t ion ;  and ( 3 )  v e l o c i t i e s  of the  e lec t rons  i n  the  Y 
d i rec t ion .  A t  a given i n s t a n t  any one of these  th ree  quan t i t i e s  can be 
thermalized while t he  o thers  a r e  uniform; b u t  t he  more p l a u s i b l e  s i t u a t i o n  
i s  one wherein a l l  are ac t ing  simultaneously. Furthermore, t he  i n i t i a l  sheet  
spacing can be made random thereby simulating a more probable i n i t i a l  state. 

Code 11, as developed by Kilb ( r e f .  21), introduces the  foregoing tem- 
pera ture  e f f e c t s  i n t o  the ambient gas a t  time 
p a r t i c l e s  have random X 
about a uniform d i s t r ibu t ion .  Differences (or l ack  of c o r r e l a t i o n )  between 
the  Y v e l o c i t i e s  of the  two species c o n s t i t u t e  a thermalizat ion of t he  e l ec -  
t r i c  current .  A consequence of t h i s  a r b i t r a r y  cur ren t  d i s t r i b u t i o n  i s  a 
randomization of t he  e l e c t r i c  and magnetic f i e l d s .  Supplementing the  i n i t i a l  
conditions t h a t  can be imposed on the  p a r t i c l e s ,  t he  e f f e c t  of an e l e c t r o n  
pressure gradient  i s  incorporated by re lax ing  the  r e s t r i c t i o n  t h a t  ions and 
e lec t rons  remain always paired.  
e lec t ron  moves on a sheet  of plasma, then the  temperature of t he  e lec t rons  i s  
manifested by the random motion of the  e lec t rons  with respec t  t o  the  guiding 
centers ,  superimposed on the  i n i t i a l  random motion of t h e i r  guiding centers .  
Since the parameter 
X locat ions and v e l o c i t i e s  of the ions and guiding centers  of the  e lec t rons  
a r e  the  same f o r  each p a i r .  So, once again,  as f o r  Case I, a sheet  of plasma 
cons is t s  of an equal  number of ions and e l e c t r o n  guiding centers ;  each sheet  
i s  i d e n t i c a l  i n  composition with a l l  of the r e s t  and the  number dens i ty  of 
each species  i s  &/Ns. 

I- = 0 
v e l o c i t i e s  a t  loca t ions  t h a t  are placed randomly 

by specifying t h a t  the  

I f  ins tead  only the  guiding center  of an 

Rf has been assumed t o  be i n f i n i t e  f o r  t h i s  case, the  

M o d i f i c a t i o n s t o t h e  equations used i n  Code I i n  order  t o  account f o r  the 

Only the  b a r e s t  e s s e n t i a l s  of t h a t  work w i l l  be presented here so 
thermalized nature  of t h e  ambient plasma a r e  explained and j u s t i f i e d  i n  r e f e r -  
ence 21. 
t h a t  four  new parameters f o r  t he  thermal e f f e c t s  can be defined. 

A measure of t he  temperature of t he  gas i s  obtained by comparing i t s  
pressure with the  pressure of the  ambient magnetic induction B,. For the  
e lec t rons ,  such a r a t i o  i s  defined as, 

where 

and 

i n i t i a l  pressure due t o  motion of e l e c t r o n  guiding centers  
pg 
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I 
~ ~~ .. . . . ... ... . . .. , 

pressure due to electron motion about guiding center peg 

Te temperature of electrons 

( ) mean value based on hybrid cyclotron period 

Similarly, for the ions 

Pi0 p .  = - 1 
pB, 

where - - 
initial pressure due to motion of ions, - 1 nomi I (u'3 + (T:), I =nokTio Pi0 2 t = O  

initial temperature of ions 

Since the ions and electron guiding centers must have the same 
tions and velocities at all times as a consequence of the assumption that 

X loca- 

Rf = * y  

(u;} = (u;) = (u2) (37) 

In the dimensionless notation introduced previously ( eqs . (10) and (11) ), 
the necessary additional parameters that include the averages of the several 
f l o w  variables in the ambient plasma are defined as, 

- -  - rms velocity in X direction Xvav = U* 

'vi - v* = rms Y velocity of ions - 

= rms Y velocity of electron guiding centers v++ Y =  
vg 

p .  = 
1 bg(R + 1) 

(R f 1)2 
R 

p =  e 
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where 

(u) = (UJ = (vi> = (vd = 0 

The four  parameters t h a t  are used as input quan t i t i e s  t o  the computer code 
a re :  Xvavy Yviy  Yvg,and Peg and they must be of such a s i z e  t h a t  

Specif ic  values of X, U, V i ,  and Vg a t  T = 0 f o r  each plasma s lab  a r e  
read i n t o  the  computer from a s e r i e s  of random numbers-chosen such t h a t  each 
d i s t r i b u t i o n  i s  Gaussian about t he  zero mean where 
The sum over the  sheet  ve loc i t i e s  and the  t o t a l  momentum a r e  then near ly  zero.  
A d i f f e r e n t  s e t  of random numbers may be chosen f o r  t he  spec i f i c  number t h a t  
make up the average quan t i t i e s  
them could use the  same s e t .  When two quan t i t i e s  use the  same s e t  and 
sequence of input numbers, they a r e  sa id  t o  be cor re la ted  and the c o r r e l a t i o n  
c o e f f i c i e n t  i s  uni ty .  Since the  random numbers were read i n t o  the  computer 
on cards, t e n  numbers per  card, i d e n t i c a l  decks represent  cor re la ted  random 
var iab les .  If, however, one of the decks i s  shuffled,  the  cor re la t ion  coef-  
f i c i e n t  of the new s e t  of numbers and the o r i g i n a l  s e t  i s  not necessar i ly  
zero because the  numbers on each card were not  shuf f led .  However, t he  c o n t r i -  
bu t ion  t o  the  j o i n t  d i s t r i b u t i o n  by the  two s e t s  of random numbers i s  assumed 
negl ig ib le  because Ns = 500 or l a r g e r .  Therefore the  term uncorrelated is  
employed here t o  mean only tha t ,  of two i d e n t i c a l  decks of cards, one deck 
has been shuff led.  Possible  var ia t ions  of the  input  a r e  then qui te  numerous 
because the  s e v e r a l  s e t s  of numbers employed i n  a given run can each be cor -  
r e l a t e d  or uncorrelated with the  o ther  random var iab les  or c e r t a i n  quan t i t i e s  
of the  plasma can be assumed not t o  be thermalized. The ambient magnetic 
induction is  presented i n  f igu re  13 f o r  s i x  separate  combinations of i n i t i a l  
da ta  with 
s t ruc tu re  of the  ambient magnetic f i e l d  t h a t  they produce. Random e l e c t r i c  
currents  i n  the Y d i rec t ion ,  Jk, ( l ack  of c o r r e l a t i o n  of Y ve loc i t i e s  of 
ions, ' V i ,  and e lec t rons ,  6) a r e  noted t o  produce long wavelength disturbances 
i n  addi t ion  t o  a ragged character  of thf:  magnetic f i e l d .  
m a l  charac te r  i n t o  the  X ve loc i t i e s ,  xk, of the  s labs  causes only a shor t  
wavelength or ragged appearance t o  the magnetic f i e l d  a f t e r  a shor t  time 
(T = 1). From a phys ica l  po in t  of view the i n i t i a l  random spacing of the  
plasma sheets  has no e f f e c t  on the  magnetic f i e l d  but  t he  manner i n  which the  
computer code w a s  used r e s u l t e d  i n  a s l i g h t  v a r i a t i o n  i n  the induction. The 
second graph i n  f igu re  13 i l l u s t r a t e s  t he  s h o r t  b l i p s  t h a t  r e s u l t  when the  
random spacing of sheets  allows adjacent  sheets  t o  overlap.  Relative t o  the  
much more marked, phys ica l  e f f e c t s  brought about by 
of random nXk can be ignored ( c f .  graphs 4 and 5 i n  f i g .  13) .  

(AX& = Xm/(Ns + 1). 

Xvav, Yvi ,  and Yvg or any combination of 

Peg= 0.01 t o  i l l u s t r a t e  some of the  poss ib le  v a r i a t i o n s  and the 

k 

Introducing a t h e r -  

& and Jk, the  influence 

The e f f e c t  of s e v e r a l  of these d i f f e r e n t  types of input on the s t ruc tu re  
of t he  compressed l aye r  i s  i l l u s t r a t e d  i n  f igures  l& through 17. Per t inent  
d e t a i l s  of these  r e s u l t s  w i l l  be discussed i n  the next sect ion.  
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The difference equations to be used in the electronic computer code were 
developed in reference 21. Several assumptions were made regarding the ther- 
m a l  behavior of the particles. First, the magnetic moment of the electron is 
an adiabatic invariant of the motion and the electrons act like a fluid with 
pressure. Second, the pressure of the electrons is assumed to be less than 
the magnetic pressure, so that, Pe < 1. Then the approximation was made that 
the electrons are on the average fixed relative to the local magnetic field 
lines so that 

The pressure resulting from electron motion that is statistically independent 
of the motion of the ions or guiding centers can then be written as, 

- B2 B2 
= Peg 21-1 Peg - Peo 

where Peg is a constant. In the analysis, the guiding centers of the elec- 
trons are followed rather than the electrons themselves. Motion of the vari- 
ous slabs then can still be treated by means of the momentum equations used 
in Code I (i.e., eqs. (24) and (25)) provided Ve is replaced by Vg and a 
modification is made to the transverse electron current, jye. 
account for the motion of the electron about the guiding center which is 
manifested as the pressure, pe , a contribution by the gradient of that pres- 
sure must be added to the driff current, -noevg; that is, 

In order to 

+ e g a B  P 
g p ax = -n,ev 

Maxwell's equation for the magnetic induction then becomes in dimensionless 
notat ion, 

and the acceleration of a given slab of plasma is 

(cf., eqs. (26b) and (34)). 
the matrix and the inversion relations used in the computations. 

These equations can now be used to generate both 
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DISCUSSION O F  RESULTS 

Graphical presenta t ion  of the  l a rge  amount of numerical da ta  obtained 
with the  two computer codes makes it poss ib le  t o  observe and follow t he  devel-  
opment of the  compressed l aye r s  of plasma for t h e  various types of c o l l i s i o n -  
l e s s  compression waves. An attempt w a s  made t o  arrange each graph so t h a t  
the  da ta  would be l a r g e l y  self-explanatory and t h e  s t r u c t u r e  of the  d i s t u r b -  
ances evident .  Cases chosen f o r  presenta t ion  were those which were f e l t  t o  
demonstrate b e s t  t he  mode of development and propagation t y p i c a l  f o r  a given 
category of parameters. 
ing t o  the  l i s t i n g  below. 

The r e s u l t s  presented next may be summarized accord- 

Ambient plasma Solutions presented 

Cold 

Cold 

S t ruc ture  vs.Alfv6n Mach number: 
disturbance f i e l d  p a r a l l e l  t o  bo 

S t ruc ture  vs. Alfv& Mach number: 
disturbance f i c l d  a n t i p a z a l l e l  t o  bo 

Cold St ruc ture  vs.mass r a t i o  

Cold S t ruc ture  f o r  c o l l i d i n g  waves 

Cold Reversal of e l e c t r i c  f i e l d  during 
compression of plasma 

Warm Effect  of i n i t i a l  conditions on s t ruc tu re  

W a r m  S t ruc ture  vs. AlfvGn Mach number and P :  
disturbance f i e l d  p a r a l l e l  t o  bo 

1 - 6  

7 ?8 

9 

10,11 

12 

1-3 

14 - 17 

A d e t a i l e d  sumnary of the parameters and conditions appears i n  a t a b l e  a t  the 
end of the paper. 

The purpose of t h i s  sec t ion  i s  t o  c a l l  t o  the  reader ' s  a t t e n t i o n  a few 
s a l i e n t  f ea tu re s  of t he  various so lu t ions .  I ts  content i s  designed t o  sup- 
plement t h a t  of references 1, 2? and 21, and an attempt i s  made t o  repeat  as 
l i t t l e  as poss ib le .  

The bulk of t he  f igu res  presented i n  t h i s  paper a r e  p l o t s  of magnetic 
f i e l d  versus d is tance  a t  uniformly spaced time in t e rva l s .  In  general ,  the  
e a r l i e s t  record showh i n  the  upper right-hand corner of the  f igures  i s  t h a t  
a t  T = 1. The T = 0 r e s u l t  i s  not shown because it i s  t r i v i a l  when the 
ambient gas i s  cold and i s  very much l i k e  the  T = 1 record when the  ambient 
plasma i s  w a r m .  The por t ion  of the magnetic f i e l d  p r o f i l e  t h a t  i s  uniform and 
near X = 0 is  the  magnetic p i s t o n  o r  vacuum region t h a t  contains no plasma. 
This region i s  separated from the  compressed plasma layer  by a narrow t r a n s i -  
t i o n  zone t h a t  is indicated i n  sketch ( d )  as the  contact  region. I n  the  
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f igu res  containing p l o t s  of t he  type 
i l l u s t r a t e d  i n  the  sketch (except f o r  
f i g .  9 )  t y p i c a l  graphs have the  t r a i l -  

Ambient 
field 

10 B t  7Jy ing edge of the  contact  zone l abe l l ed .  Weak 

\. I Only a p a r t  of the  magnetic f i e l d  pro-  0 
f i l e  i n  the undisturbed region out 

graphs f o r  the  cold cases a r e  amputated 

within about 0.01 percent  of i t s  ambient 
value.  A l l  of t he  magnetic record 
between X = 0 and Xm is  presented f o r  
t he  warm code because there  i s  a c t i v i t y  
i n  the  e n t i r e  flow f i e l d  when the  ambi- 
e n t  plasma has temperature. 

Vacuum region *~.. Contact ~'%, Compressed 

Magnetic ptston 
>-- ahead of the  wave i s  shown because the or ,, region ,.' plosma toyer 

when the  magnetic f i e l d  re turns  t o  
I O  'Irk Am;; field 

Strong 

0 25 50 
X 

Sketch (d) 

Before the computations were put  i n t o  production, a s e r i e s  of sho r t  runs 
were made t o  determine a su i t ab le  mesh s i z e  f o r  r; and I- t h a t  would produce 
r e s u l t s  e s s e n t i a l l y  independent of t he  number of po in ts  used i n  the  ca lcu la-  
t ions . '  
reduce the  computer time and hence cos t  of the da ta .  It w a s  found t h a t  t he  
weak waves and the  gross f ea tu res  of the s t rong waves converge quickly t o  the  
f i n e  mesh r e s u l t .  However, t he  minute d e t a i l s  of the strong wave so lu t ions  
appear always t o  depend on mesh s i z e .  Therefore, the reader should use cau- 
t i o n  when attempting t o  apply o r  i n t e r p r e t  any of the very f i n e  s t ruc tu re  
presented i n  the graphs because some of it may be due t o  the use of a f i n i t e  
number of d i sc re t e  s labs  of f l u i d .  A por t ion  of the  raggedness of the  l i n e  
graphs a l s o  a r i s e s  because the mechanical p l o t t e r  d r a w s  a s t r a i g h t  l i n e  
between the poin ts .  
only a few exceptions, Ar; = 0.2 and AI- = 0.2.  See t a b l e  I f o r  complete 
d e t a i l s .  

Naturally,  the  l a r g e s t  permissible mesh s i z e  i s  used i n  order t o  

The mesh s i z e  used throughout t he  ca lcu la t ions  w a s ,  with 

In  order t o  r e t a i n  a constant sca le  f a c t o r  f o r  the  f igu res ,  the d i s t u r b -  
ance f i e l d  eo w a s  taken as 1 .0  and the  ambient f i e l d  bo w a s  changed. A 
measure of the  s t rength  of the disturbance i s  given by the  r a t i o  The 
time r a t e  of appl ica t ion  of the disturbance f i e l d ,  a,  i n  equation (27b) w a s  
chosen as 0.12 except i n  the  cases noted. S t ruc ture  of the  waves i s  not ice-  
ably influenced by t h i s  parameter i f  the cases compared a r e  f o r  la rge  and 
s m a l l  values of a. A l a rge  value of a w i l l  cause a random character  t o  
s e t  i n  sooner when the  AlfvGn Mach number of the  wave system is  near 2. When 
MA < 2, the amplitude of t he  wavelets increases with CL but  the  gross nature  
of the  s t ruc tu re  of the  compressed l aye r  does not  change. The most obvious 
f ea tu re  i n  the  flow f i e l d  i s  t h a t  the  magnetic p i s t o n  region increases t o  a 
l imi ted  ex ten t  with a because the  input disturbance becomes la rger ;  t h a t  i s  

eo/bo. 

'Relationship of t he  numerical so lu t ions  such as those presented here  
t o  t h e  "exact" so lu t ions  of these  equations a r e  discussed i n  references 1, 
2, 35, and 3 6 .  

29 



Hence, t h e  magnetic f i e l d  o r i g i n a l l y  generated by t h e  e l e c t r i c a l  dis turbance 
becomes a p a r t  of t he  compressed layer (see a l s o  eq.  (25) of ref. 1); t h a t  i s ,  
it forms t h e  contact  surface between the p i s t o n  and t h e  compressed plasma. 
The width of t h i s  t r a n s i t i o n  region or contact  sur face  is  approximately 
as i l l u s t r a t e d  i n  sketch (d ) .  One u n i t  of A corresponds t o  the  sk in  depth 
of a zero frequency electromagnetic disturbance, 

3A/A 

C r2 ne2(mi + me) 
€mime 

and t o  the  hybrid Larmor radius  when the  p a r t i c l e s  move with t h e  A l f v h n  
ve loc i ty .  

Cold Ambient Plasma 

Basic r e s u l t s . -  The f i r s t  sequence of so lu t ions ,  presented i n  f igu res  1 
through 6, demonstrates how t h e  nature of the  compressed l aye r  changes with 
the  s t r eng th  of t he  dis turbance ( i . e . ,  eo/bo or MA) f o r  an i n i t i a l l y  cold 
plasma (Teo = T i 0  = De = p i  = 0 ) .  S i tua t ions  represented i n  f igu res  1, 2, 
and 3 f o r  weak or s u b c r i t i c a l  disturbances (MA < 2) have the  property t h a t  
t he  s labs  of plasma r e t a i n  t h e i r  o r i g i n a l  order  and do no t  interchange pos i -  
t i ons  throughout t he  dura t ion  of t he  event.  A s  a r e s u l t ,  t h e  magnetic f i e l d  
i n  the  wave s t r u c t u r e  i s  a smoothly undulating funct ion of dis tance.  A s  t h e  
disturbance i n t e n s i t y  increases  toward the  condi t ion t h a t  produces an AlfvGn 
Mach number of 2, t he  c r e s t s  of t he  ind iv idua l  waves become sharper u n t i l  a t  
MA =: 2 they are cusped or razor  sharp.  A s  t h i s  condi t ion i s  approached from 
below, a s l ab  of plasma w i l l  occasional ly  move out  of i t s  o r i g i n a l  order  
deser t ing  the  company of i t s  former companions t o  move on a r a t h e r  unusual 
excursion a l l  i t s  own. Such an occurrence causes the  s m a l l  b l i p  on the l a s t  
four  or f ive magnetic f i e l d  records shown on f igu re  3 f o r  
t h e  middle of f igu re  4 ( a )  f o r  
disorder  observed i n  a magnetic f i e l d  record i s  a t t r i b u t a b l e  t o  the  meander- 
ing motion of a s l ab  or s l abs  of plasma. In  f i g u r e  ll(c) i s  shown the  t i m e -  
d is tance h i s t o r y  of every t e n t h  shee t  t h a t  w a s  used i n  the  ca lcu la t ion ,  t h a t  
is, k = l,-ll, 21, . . , . Motion of t he  wayward s l ab  of plasma, as it seeks 
a new se t  of neighbors, i s  indicated i n  the  middle of t he  f igu re  by the  
approximately s inuso ida l  curve with the  l a r g e s t  amplitude while t he  res t  of 
t h e  sheets  t h a t  are shown s t a y  i n  formation. 
ignore a l l  da t a  shown i n  f i g .  l l ( c )  f o r  T > 80.) Such disregard f o r  order ly  
motion by a s ing le  shee t  appears t o  induce o ther  s labs  of plasma t o  go on 
similar junkets when MA > 2 thereby leading t o  an end r e s u l t  wherein t h e  
e n t i r e  flow f i e l d  becomes chaot ic  as shown i n  f igu re  4(b)  and i n  the  lower 
p a r t  of 4 (a ) .  
sheets  do not  seem t o  be enough t o  produce chaos i n  the  e n t i r e  flow f i e l d ;  
t h e  wayward s l a b  or s l abs  appear t o  f i n d  a new se t  of companions and content 
themselves by a regular  undulating motion i n  t h e i r  new loca t ion  i n  the  sheet  
order ,  

MA = 1.94 and i n  
MA = 2.17. These r e s u l t s  suggest t h a t  any 

( A t  t h i s  po in t  t he  reader  should 

When MA < 2 (MA = 1.94, see  f i g .  3 ) ,  excursions of ind iv idua l  



A s  the  s t r eng th  of t he  disturbance eo/bo i s  increased fu r the r ,  as i n  
f igures  5 and 6, the  Alfvgn Mach number exceeds two by a s u b s t a n t i a l  amount 
and t h e  o r i g i n a l  ion shee t  arrangement i s  destroyed immediately. It is  t o  be 
r eca l l ed  t h a t  t he  assumption w a s  made t h a t  t h e  e lec t rons  s t a y  i n  t he  s t r i c t  
formation se t  down a t  T = 0, so t h a t  only t h e  ion s l abs  m i x  with d i s t a n t  
neighbors. Out of t h e  d isorder  i n  t h e  shee t  arrangement, a semblance of order  
i s  noted i n  t h e  magnetic f i e l d  p r o f i l e s .  Both f igu res  5 and 6 exhib i t  s i t ua -  
t i ons  where the  amplitude of a given pulse  within the  compressed l aye r  bu i lds  
up t o  a c e r t a i n  amount and then, a t  or near i t s  c r e s t ,  d ivides  i n t o  two or 
more pulses .  It a l s o  appears t h a t  as time progresses and t h e  compressed l aye r  
a t t a i n s  some thickness ,  waves of a s o r t  propagate back and f o r t h  between the  
f r o n t  of the  compressed l a y e r  and t h e  magnetic p i s ton .  (The reader  i s  asked 
t o  observe the  f igu re  ho r i zon ta l ly  a t  about eye l e v e l  i n  order  t o  b e s t  de t ec t  
wave pa t t e rns  and movement. It i s  t o  be noted t h a t  t h e  diagonal format used 
f o r  the  p l o t s  emphasizes the  rearward moving waves.) This b i t  of organizat ion 
i n  an otherwise chaot ic  s i t u a t i o n  can be associated with the  f a c t  t h a t  a num- 
b e r  of s labs  ( f i g s .  5 ( e )  and 5 ( f ) )  assoc ia te  themselves temporarily as a group 
even though o ther  f l u i d  elements may pass through or leave the  group. 

These order ly  and d isorder ly  c h a r a c t e r i s t i c s  i n  t h e  magnetic f i e l d  and 
t ime-distance records f o r  t h e  plasma s labs  a l s o  appear i n  t h e  ve loc i ty  com- 
ponents. Shown as poin ts  a r e  t h e  ve loc i ty  com- 
ponents possessed by the  shee ts  a t  s eve ra l  i n s t an t s  of time f o r  both a weak 
(MA = 1 . 5 4 )  and a s t rong (MA = 5.80) dis turbance.  
t he  o r i g i n  represent  sheets  near t he  f r o n t  and ahead of the  wave. 
i s  not  equal  t o  V*, t he  y ve loc i ty  had t o  be resea led  f o r  these  f igu res  
i n  order  t o  have the  d i r ec t ion  properly or ien ted .  The order ly  character  
exhibi ted f o r  t h e  weak wave i s  lacking i n  t h e  s t rong wave, thereby suggesting 
a thermalizat ion of t h e  compressed plasma as pointed out  i n  reference 2. It 
should be noted here t h a t  wavelets i n  the  s u b c r i t i c a l  cases  o r ig ina t e  with a 
s m a l l  amplitude a t  t h e  piston-plasma in t e r f ace  and propagate forward with 
t h e i r  spacing and amplitude increasing with t ime. A t  l a rge  time, the  spacing 
and amplitude become constant  so  as t o  form a continuous wave t r a i n  l i k e  t h a t  
considered by Davis, L&t ,  and SchlGter i n  reference 6 .  I n  t h e  s u p e r c r i t i c a l  
cases, MA > 2, waves seem t o  appear almost anywhere i n  the  flow f i e l d .  Prop- 
e r t i e s  of the  wave s t r u c t u r e  f o r  the  t r a n s c r i t i c a l  (MA s l i g h t l y  g rea t e r  than 
2 )  disturbances appear t o  be even more i n d i v i d u a l i s t i c .  Rate of appl ica t ion  
of t he  disturbance ( i . e . ,  t he  magnitude of a )  a l s o  inf luences t h e  s t ruc tu re  
of t he  wave f r o n t  and t h e  breakdown of order .  

(See f i g s .  2 ( c )  and 5 ( g ) . )  

Note t h a t  t he  poin ts  near 
Since U* 

For each case presented, t he  c h a r a c t e r i s t i c  times, the  p a r t i c l e  o r b i t  
periods,  are d i f f e r e n t  because they depend on bo. Based on the  ambient 
magnetic f i e l d ,  B,, t he  following per iods are useful  i n  analyzing wave p a t -  
t e r n s  : 
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When examining t h e  f igu res ,  e spec ia l ly  f i g u r e s  5 and 6, it i s  recommended 
t h a t  these  t i m e s  be borne i n  mind s ince  t h e  peak s p l i t t i n g  i n  the  s t rong wave 
so lu t ions  occurs a t  approximately one hybrid per iod .  

Supplemental ____ resu l t s . -  ~ Figures 7 through 1 2  present  f u r t h e r  results 
obtained with Code I t h a t  demonstrate t he  e f f e c t  on t h e  s t r u c t u r e  of t he  com- 
pressed l a y e r  brought about by reversed ambient magnetic f i e l d ,  bo ( f i g s .  7 
and 8) ;  m a s s  r a t i o ,  R ( f i g .  9 ) ;  impact of wave with centerplane,  Xm ( f i g s .  10 
and 11); e l e c t r i c  f i e l d  reversal during compression ( f i g ,  1 2 ) .  Although the  
number of cases  presented f o r  each i s  s m a l l ,  these so lu t ions  do ind ica te  t h e  
general  w a y  i n  which t h e  flow f i e l d  i s  modified when t h e  boundary conditions 
a r e  changed i n  one of t he  foregoing ways. 

Reversal of t he  ambient magnetic f i e l d  f o r  a weak ( f i g .  7 )  and a s t rong  
( f i g .  8 )  dis turbance leads t o  what may be ca l l ed  a thickening of the  contact  
region between the  magnetic p i s ton  and compressed l aye r .  For a weak wave t h i s  
region i s  character ized by a randomness or disorganiza t ion  of t he  p a r t i c l e s  
and of t he  magnetic f i e l d  ( f i g .  7 ) .  No change appears i n  the organizat ion and 
smoothness of t h e  waves i n  the  compressed l a y e r  when compared with the  cor re-  
sponding a l ined  f i e l d  case shown i n  f igu re  2. 

Since the  genera l  s t r u c t u r e  of t h e  flow f i e l d  i s  a l ready  i r r e g u l a r  f o r  
the  s t rong wave case, a r eve r sa l  of t he  ambient magnetic f i e l d  simply inve r t s  
(without g r e a t l y  a l t e r i n g )  the  magnetic f i e l d  p r o f i l e  ( f i g ,  8 )  as compared 
with t h e  corresponding a l ined  f i e l d  case shown i n  f igu re  5 .  I n  both the  weak 
and s t rong disturbance s i tua t ions ,  t h e  shee t  order  i n  the  broadened contact  
region seems t o  roll o r  o r b i t  about one another; see f igu re  7 ( c )  and refer- 
ences 1 and 2. 

It w a s  shown i n  reference 1 t h a t  t he  weak wave so lu t ions  a r e  independent 
0 -  of mass r a t i o ,  R .  See equations (28), (3Od), and (31)  with A P  = Ak and 

(Xk+l. - Xk ) = Xn/(Ns + 1). 
c r i t i c a l  cases here .  When the  disturbance i s  s t rong,  the  wave s t ruc tu re  w a s  
found i n  reference 2 t o  depend on m a s s  r a t i o  by the  approximate r e l a t i o n  

Of O+ Hence, it is  necessary t o  consider only the  super- 

t h a t  i s ,  t o  achieve a similar p r o f i l e  f o r  t he  magnetic f i e l d  a t  a given time, 
the  spacing i n  time between graphs i s  ad jus ted  so  t h a t  = 4- 872. 
A comparison of t h e  graphica l  r e s u l t s  presented i n  f igu re  5 ( R  = 25, MA =5.80) 
with t h a t  i n  f igu re  9 f o r  
good q u a l i t a t i v e l y  bu t  i s  not  exact  (e.g., f o r  R 1  = 4 and R2 = 25, 87 = 0.4) .  
The magnetic p r o f i l e s  can be made t o  compare almost exac t ly  on a quant i ta t ive  
bas i s ,  however, i f  t he  time of comparison i s  displaced a given amount f o r  each 
case. A r u l e  f o r  the  time s h i f t  t o  be appl ied w a s  not  found. 

R = 4 and 100 demonstrates t h a t  t h i s  r u l e  i s  very 

It has been supposed t h a t  a body of plasma i n  outer  space could c o l l i d e  
with another ( re f .  42),  f o r  example, during magnetic s o l a r  storms. 
these  conditions,  it is poss ib le  t h a t  two c o l l i s i o n l e s s  shock waves would meet 
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and i n t e r a c t  t o  e s t a b l i s h  some new type of phenomena. I n  o ther  words, does 
the  in t e r sec t ion  of two c o l l i s i o n l e s s  compression waves give r i se  t o  any wave 
s t ruc tu re  not  observed f o r  a s ing le  compression wave moving i n t o  a cold 
undisturbed plasma? An answer t o  such a question can be had from Code I f o r  
the case of two i d e n t i c a l  waves moving i n  the  opposite d i r ec t ion  and meeting 
a t  the  X = Xm s t a t i o n .  This p o s s i b i l i t y  exists because the  midplane may be 
thought of as a pe r fec t  conductor t h a t  r e f l e c t s  any inc ident  wave without 
loss. Reflect ion of a wave can be in t e rp re t ed  as t h e  in t e r sec t ion  of two 
i d e n t i c a l  waves moving i n  opposite d i r ec t ions  a t  t h a t  po in t .  For this  reason, 
several so lu t ions  w e r e  ca r r i ed  out  f o r  s u b c r i t i c a l  disturbances (MA < 2, see 
f i g s .  10 and 11) and one f o r  a s u p e r c r i t i c a l  (MA > 2 )  dis turbance.  Figure 10 
i l l u s t r a t e s  t h e  r e f l e c t i o n  (or i n t e r a c t i o n )  of a wave system so weak t h a t  i t s  
r e f l e c t i o n  is  s t i l l  s u b c r i t i c a l .  An increase i n  t h e  s t r eng th  of t he  d i s tu rb -  
ance leads t o  a flow f i e l d  wherein the  compressed l aye r  of t h e  inc ident  wave 
is  weak, bu t  a por t ion  of t he  r e f l ec t ed  f i e l d  is  randomized or of the  super- 
c r i t i c a l  type.  Local i n t e n s i f i c a t i o n  of t he  magnetic f i e l d  i n  the  region 
where the  r e f l e c t i o n  i s  e f f e c t i v e  occurs f o r  a l l  wave i n t e n s i t i e s  MA < 2 
and > 2. A change i n  f low-f ie ld  order  does not  occur a t  a l l  when the  inc ident  
wave is  s t rong.  For t h i s  reason, a so lu t ion  i s  not presented. Only f o r  weak 
disturbances whose s t r eng th  i s  approaching the  c r i t i c a l  i s  a change observed 
i n  the  f low-f ie ld  s t r u c t u r e .  
t h a t  departs  markedly from the  paths  of adjacent  elements before  the  weak wave 
(MA = 1.94)  impacts on the  center  plane.  (See a l s o  f i g .  3. The peak of t he  
leading pulse  shown the re  starts t o  drop and a small p ip  appears ahead of t h e  
wave as i f  t o  ind ica te  t h a t  t h i s  foremost wave i s  about t o  s p l i t  or d iv ide . )  

Figure l l ( c )  exh ib i t s  a p a r t i c l e  t r a j e c t o r y  

Nuclear fus ion  research devices sometimes use a pos i t i ve  magnetic pulse  
t o  i n i t i a t e  t h e  compression of a plasma and then apply a reversed magnetic 
f i e l d  t o  compress and hea t  t he  plasma fu r the r .  Results from an attempt t o  
simulate t h i s  process with Code I i s  shown i n  f igu re  12. Attent ion i s  f i rs t  
d i r ec t ed  t o  the  diagram i n  f igu re  l 2 ( a )  t h a t  i l l u s t r a t e s  t he  type of d i s tu rb -  
ance s tudied.  A second se t  of waves i s  generated by the  change on the  s ign  
of t he  disturbance, eo, i n  add i t ion  t o  the  one usua l ly  present  and the  d i r e c -  
t i o n  of motion of the  contact  surface changes twice. It i s  t o  be noted i n  
t h e  th ree  p a r t s  of f i gu re  1 2  t h a t  the  f i rs t  wave t r a i n  generated proceeds 
almost independently of t h e  events taking p lace  a t  the  i n i t i a t i n g  plane,  
X = 0. A s l i g h t  spreading of t h e  separate  pulses  appears t o  be taking p lace .  
This, once again,  demonstrates t he  high degree of s t a b i l i t y  of t h e  pulses  
found f o r  t he  s u b c r i t i c a l  cases .  Reversal of t he  e l e c t r i c  f i e l d  a t  X = 0 
i n i t i a t e s  a second wave t r a i n  t h a t  appears t o  be moving faster and thereby 
overtaking the  f i r s t .  Time-distance records of se lec ted  sheets  d i sp lay  the  
r eve r sa l  of t he  shee t  v e l o c i t i e s  and displacement induced a t  about T = 20 
by the  changing of t h e  disturbance. 

W a r m  Ambient Plasma 

Numerical da t a  presented graphica l ly  i n  f igu res  1 through 12 were 
obtained with a code t h a t  assumed t h e  gas i n i t i a l l y  ahead of t h e  compression 
wave had no temperature and the re fo re  a l l  p a r t i c l e s  w e r e  s t a t iona ry  and un i -  
formly spaced. The more usua l  condi t ion t o  be expected i s  f o r  a f u l l y  ionized 
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gas t o  have some random motion and therefore  temperature. Such motion may be 
very small i n  comparison with the d i r ec t ed  motion of the en t i r e  mass so  t h a t  
a zero temperature approximation is  a very good one. A computer code f o r  a 
gas with i n i t i a l  temperature, as developed by Kilb i n  reference 21, i s  used 
here t o  s tudy the  e f f e c t  of temperature i n  t h e  ambient gas on t h e  s t r u c t u r e  
of t he  compressed layer of gas.  These r e s u l t s ,  presented i n  f igu res  13 
through 17, i l l u s t r a t e  how the  magnetic f i e l d  i n  the  compressed l aye r  i s  modi 
f i e d  by temperature from the  cold case.  

Since temperature manifests i t se l f  i n  several d i f f e r e n t  ways, f i gu re  13 
was  prepared i n  order  t o  i l l u s t r a t e  t he  i n i t i a l  ( T  = 1) magnetic f i e l d  p e r t u r -  
ba t ions  brought about i n  the  ambient gas by assuming t h a t  t he  s l abs  of plasma 
have random (1) X-veloci t ies ,  &, ( 2 )  ion v e l o c i t i e s ,  V$, and ( 3 )  e l ec t ron  
guiding center  v e l o c i t i e s ,  Vk. The shee t  spacing i s  randomized a l s o  t o  s i m -  
u l a t e  a more r e a l i s t i c  i n i t i a l  s ta te .  
wavelength o r  jagged character  t o  the  ambient magnetic induction. Items ( 2 )  
and (3 )  combine t o  give an e l e c t r i c  cur ren t ,  Jk, when Vt and VE are uncor- 
r e l a t ed ,  t h a t  produces both a jagged and long wavelength charac te r  i n  the  
ambient f i e l d .  Random shee t  loca t ions  cause a very s l i g h t  bu t  de tec tab le  
change i n  the  magnetic f i e l d  t h a t ,  as mentioned previously,  i s  due only t o  
the  manner i n  which the  computer code w a s  used. Any one o r  combination of 
t he  th ree  i t e m s  above could be used as input  t o  simulate the  temperature of 
t he  ambient plasma. I n  the ca lcu la t ions ,  some va r i a t ions  i n  t h e  i n i t i a l  da t a  
were assumed t o  determine i f  t he re  w a s  a s u b s t a n t i a l  e f f e c t  on the  wave s t r u c -  
t u r e .  A s  can be seen from the  f igures  presented here,  no s t rongly evident 
change occurs when one or more temperature p rope r t i e s  are taken as negl ig ib le  
i n  the  ambient gas.  I n  one case considered, t he  ion and e l ec t ron  guiding 
center  temperatures were assumed t o  be near ly  equal,  t h a t  is ,  Pi z Pg ( f i g .14 )  
bu t  i n  a l l  o ther  cases the  roo t  mean squares of t he  random v e l o c i t i e s  were 
assumed t o  be equal,  t h a t  i s ,  P i  = RP, ( f i g s .  13, 15, 16, and 17 ) . 
even a s m a l l  temperature i n  the  ambient gas br ings about t he  des t ruc t ion  of 
t he  very order ly  character  of t he  s u b c r i t i c a l  so lu t ions  f o r  the  cold gas 
( c f .  f i g s .  1, 2, and 3 ) .  A slow re tu rn  t o  the  smooth wave so lu t ion  i s  evident 
f o r  the leading pulses ,  but  it appears t h a t  t he  thermal energy must be 
decreased t o  a very s m a l l  P i n  order t o  br ing  about a completely smooth 
p r o f i l e  f o r  t he  magnetic f i e l d  i n  the  compressed layer .  

g I t e m  (1) is  seen t o  impart a sho r t  

Results shown i n  f igu res  14  and 15 f o r  a weak disturbance ind ica te  t h a t  

When = 0, t h e  magnetic p r o f i l e  i n  the  compressed l aye r  i s  smooth i f  
t he  i n i t i a l  shee t  spacing is  not  uniform provided t h a t  t he  sheets  are renum- 
bered before  the  ca lcu la t ion  i s  commenced. The s m a l l  f l uc tua t ions  t h a t  appear 
i n  the  second graph of f igu re  13 a r e  due t o  an i n i t i a l l y  random shee t  spacing 
without renumbering. This allows sheet  crossing i n t o  the  weak wave so lu t ions .  
Although t h i s  nonphysical e f f e c t  i s  s m a l l  ( c f .  graphs 4 and 5 i n  f i g .  13) it 
tends t o  exaggerate the  thermal charac te r  of t h e  compressed l aye r  when P i s  
very s m a l l  and t h e  disturbance i s  weak, as can be seen i n  f igu re  15 .  

Figures 1, 2, and 3 suggest t h a t  t he  magnetic f i e l d  i s  everywhere cont in-  
uous and no surface cur ren t  e x i s t s  a t  the  contac t  surface.  Such i s  not  t he  
case s ince  a d iscont inui ty ,  not resolved by t h e  sca l e  of the  p l o t ,  does occur 
a t  the  vacuum-plasma in t e r f ace .  I n  f igu res  1 4  and 1.5, however, t he  jump i n  
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t h e  magnetic f i e l d  a t  the  in t e r f ace  i s  evident.  A somewhat l a rge r  surface 
cur ren t  than t h a t  f o r  the  corresponding cold plasma separates  the  vacuum 
region from t h e  compressed l aye r  and a k ine t i c  pressure must e x i s t  (pS f 0) .  
The exis tence of a jump i n  the  magnetic induction f o r  weak disturbances i n  
cold plasma i s  i n  accord with the  continuum theory as can be seen i n  
sketch ( e )  i n  the next subsection, 
although f o r  MA = 1.16, b, - bs z 0. 
It should a l s o  be noted i n  f igu res  1 4  
and 1.5 t h a t  there  a r e  waves i n  t h e  
ambient gas, some of which propagate 
and o thers  which appear t o  be pulsa-  
t i ons  t h a t  do not move. 

I n  f igu res  16 and 17, it appears 
t h a t  only the  f i n e  s t ruc tu re  of the  
strong disturbance so lu t ions  i s  changed 
t o  any ex ten t  by the  f i n i t e  temperature 
of the  ambient gas .  The seemingly 
smaller magnitude of the undulations i n  
the ambient gas i s  due t o  the  sca l e  of 
t he  magnetic f i e l d  t h a t  w a s  used. For 
example, i f  the  v e r t i c a l  s ca l e s  of B 
a r e  adjusted so  t h a t  t he  free-s t ream 
magnetic f i e l d s  a re  equal, t he  random 
f luc tua t ions  a l s o  become equal .  Tem- 
perature  e f f e c t s  a r e  r e l a t i v e l y  l e s s  
important f o r  a s t rong disturbance wave 
than f o r  a weak one. Hence, the  over- 
a l l  e f f e c t  on the s t ruc tu re  of the  com- 
pressed l aye r  of the  s t rong wave would 
be expected t o  be smaller,  as observed 
i n  f igures  16 and 17. The s u p e r c r i t i -  
ca lwaves  a re  a f fec ted  by temperature 
i n  t h a t  the formation of a pulse  i s  
delayed s l i g h t l y  and i t s  maximum ampli- 
tude and sharpness a r e  reduced. The 
t ime-distance diagrams i l l u s t r a t e  the 
movement of se lec ted  s labs  of plasma 
before  and during t h e i r  i n t e r a c t i o n  
with the  compression wave. Slab motion 
p r i o r  t o  the  passage of the  disturbance 
i s  associated e n t i r e l y  with the  se l ec -  
t i o n  of random numbers f o r  the  quant i -  
t i e s :  &$, f k ,  .. IJ? - I J ~  a t  T = 0. 

Predict ions of Rankine-Eugoniot 'Theory 

Certain time -averaged behavior of 
t he  foregoing machine so lu t ions  can be 
r e l a t e d  t o  the  corresponding r e s u l t s  

10.0 

5.0 

2 0  

I O  

L ... 

-2 

_ I  

I 
\,Alfv& Moch number, MA 

/ Shock 
'velocity 

Magnetic field 
'behind shock, b, 

ond ohead piston 

bo MA b" bS E" - _ _ _ -  
2 0  I 1 6  243 243 0411 
I O  154 168 163 594 

7 194 151 I 3 7  662 
6 217 146 I 2 6  685 
5 251 142 I 1 4  704 
2 580 I 33 566 750 
I I145 I 3 2  296 757 
0 - 132 000 760 

- 
2.33 
I .54 
I .35 
I .30 
I .26 
1.16 
I. 14 
I. 14 

.5 I .o I .5 2 .o 
Ambient magnetic f ie ld,  bo 

Sketch ( e )  

35 



obtained from "snowplow" theory.  I n  the l a t t e r  s i t u a t i o n s ,  t he  shock f r o n t  
and t h e  p i s t o n  f r o n t  can be taken as i n f i n i t e l y  t h i n  transition regions 
separat ing t h e  flow f i e l d  i n t o  the  rollowing t h r e e  regions:  vacuum, shocked 
plasma, and unshocked plasma. The Rankine-Hugoniot jump conditions a re  then 
appl ied across  t h e  two t r a n s i t i o n  zones. Predicted values of the  magnetic 
f i e l d  i n  vacuum and shocked plasma regions and t h e  p i s t o n  and shock ve loc i -  
t i e s  ca lcu la ted  by Auer, Hurwitz, and Kilb (see t a b l e  I of r e f .  2 )  are repro-  
duced here i n  t a b u l a r  and graphica l  form i n  sketch ( e ) .  
MA, b,, bs, U,, and Us p l o t t e d  as B-"-xons of t h e  ambient magnetic f i e l d  
and employs only t h e  d a t a  provided i n  t h e  t a b l e ,  The equations from which 
these  curves w e r e  obtained are se t  f o r t h  i n  reference 2.  The quant i ty ,  
ps = ~ ~ / ( B * ~ / 2 p )  = bv2 - bS2, i s  a l s o  shown and it i s . t o  be noted t h a t  t h e  
m a x i m u m  t h e o r e t i c a l  p ressure  i n  the  shocked plasma i s  roughly 

The sketch shows 

1*7Eo ,/t'l0(mi -k Kle)/kpa 

From f igu res  1 through 6 the  value of t he  magnetic f i e l d  on e i t h e r  s ide  
of t he  contact  zone t h a t  separates  the  vacuum region from the  compressed 
plasma as w e l l  as the  p i s ton  and shock v e l o c i t i e s ,  when averaged over a hybrid 
cyclotron per iod,  can be compared with t h e  pred ic t ions  of Rankine -Hugoniot 
theory f o r  a magnetic plasma obeying an equation of s t a t e  with r a t i o  of spe- 
c i f i c  hea ts ,  Y = 2. The quant i ty ,  b,, t h e  vacuum magnetic f i e l d  based on 
continuum theory, i s  indicated by a dashed l i n e  i n  the  i n s e r t  i n  f igu re  1, 
2(a ) ,  3, 4 ( a ) ,  5 (a) ,and  6 ( a )  and a l s o  on the  last  graph of f igu re  1, 2 ( a ) ,  
3, 4 (b ) ,  S(d),and 6 ( d ) .  
i o r  of t h e  magnetic and e l e c t r i c  f i e l d  i n  the  p i s t o n  region. It i s  t o  be 
noted t h a t  f o r  t he  two cases,  MA = 5.80 and 11.45, the  curve i n  the  i n s e r t  
l abe l l ed  
approximately the  hybrid cyclotron frequency before  s e t t l i n g  down t o  within 
a percent  of b,. The quant i ty ,  b s r  the  magnetic f i e l d  i n  the  shocked plasma 
based on continuum theory, i s  indicated on the  las t  graph of f igu res  1, 2(a ) ,  
3, 4 ( b ) ,  5(d) ,and 6 ( d ) ,  a l s o  by a dashed l i n e .  
average i s  required before  a comparison can be made. If the  l a t e s t  ava i lab le  
graph i s  used,namely, so lu t ions  a t  T = 70, 70, 140, 260, and 277, respec-  
t i v e l y ,  the  t i m e  v a r i a t i o n  of a space average may be assumed, f o r  purposes 
of discussion,  t o  be negl ig ib le .  
seen by inspect ion of t he  f igu re  i n s e r t s .  
with a space average, such as 

The graphs i n  t h e  i n s e r t s  depic t  t he  temporal behav- 

B o ( T )  can be seen to o s c i l l a t e  about t h e  predicted value w i t h  

It can be seen t h a t  a space 

This i s  t r u e  a t  l e a s t  f o r  B0(7) as can be 
A quan t i t a t ive  comparison of bs 

M 

k=L 

i s  then poss ib le  provided the  in tegers  L and M, M > L, a re  chosen t o  elim- 
i n a t e  the  wave s e t  and the  contact  zone. The contact  region i s  about 3 un i t s  
i n  width so  i t s  l i m i t s  are w e l l  defined bu t  t h e  demarcation between wave s e t s  
and wakes f o r  s t rong disturbance so lu t ions  is  somewhat a r b i t r a r y .  Because 
of t h i s  a r b i t r a r i n e s s ,  only a v i s u a l  comparison i s  presented. 



Estimates of the  average p i s ton  and disturbance f r o n t  speed can be 
obtained from t h e  f igures  mentioned above as w e l l  as from the  t ime-distance 
p l o t s  ( f i g s .  2 (b ) ,  7 ( b ) ,  and 7 ( c ) )  and compared with t h e  corresponding value 
given here  i n  sketch ( e ) .  To f a c i l i t a t e  quan t i t a t ive  and visual  comparison, 
t h e  shock and p i s ton  v e l o c i t i e s  are shown on the  l a t te r  three  f igu res  as 
dashed l ines  with s lopes corresponding t o  Uv and Us. 

The r e l a t ionsh ip  between the  pred ic ted  shock and p i s t o n  ve loc i t i e s ,  Us 
and Uv, respect ively,  and t h e  c h a r a c t e r i s t i c  v e l o c i t i e s ,  [JA and UD, t h a t  is ,  
t he  Alfvgn ve loc i ty  and t h e  e l e c t r i c  d r i f t  ve loc i ty ,  i s  i l l u s t r a t e d  i n  
sketch ( f ) .  

sis  using the  snowplow ve loc i ty ,  

s ion  UA = boU* = bo. From t h i s  
it follows t h a t  UD = l/bo. From the  r 

bu t  would appear as a s t r a i g h t  l i n e  
with 45' s lope .  The region between 

It summarizes f o r  a l l  six cases j u s t  presented, t he  four  ve loc i -  
t i e s  t h a t  a r e  pe r t inen t  t o  t h i s  analy-  Subcritical Supercritical 

U*, as a reference and the  expres- 
lv . o . >  . ,  

1 - y  vo;= 'U* lv 04 , ' 

. .  
. .  

f igu res  i n  the  sketch U* is omitted . .. MA: 1.16 

0 

t he  the  disturbance l i n e s  ind ica t ing  f r o n t  the  ve loc i ty  p i s ton  i s  and 

us double = 2u& streaming occurs when condition, up = namely, UA (see 

iE 
iy 

shaded. This sketch a l s o  i l l u s t r a t e s  T 

t he  range of parameters used i n  the  

number of f ea tu re s .  For example, the  

MA: I 54 M1 : 5.80 

uo 
analysis ,  br inging out  graphica l ly  a 0 

t h e  MA = 1.94 i n s e r t ) .  Also, i n  t he  r 

i n s e r t s  i l l u s t r a t e  the  t r end  of the  

ve loc i ty  and the  e l e c t r i c  d r i f t  veloc-  
i t y  t o  the p i s ton  ve loc i ty .  

l i m i t  of very weak disturbances the  Mb: I 94 E.45 

UD 
0 shock ve loc i ty  t o  t h a t  of t h e  AlfvGn 0 I 2 0  I 

X X 

Sketch ( f )  
The predic t ions  obtained from the  

Rankine-Hugoniot theory t h a t  has been appl ied t o  the  "snowplow" model i n  r e f -  
erence 2 and summarized i n  sketch ( e )  can be extended t o  the  s i t u a t i o n  i n  
which the  ambient plasma i s  t ep id .  I n  reference 21 it i s  shown t h a t  t he  
numerical da ta  reproduced i n  sketch ( e )  can be used when t h e  plasma has an 
i n i t i a l  temperature t h a t  i s  character ized by the  parameters, Pe and p i  
(eqs .  (35)  and (36 ) ) .  
bo(l + be + P i ) " 2  and bs(1 + Be + B i ) 1 ' 2 ,  r espec t ive ly ,  the  remainder of t he  
tabula ted  da ta  i n  the  sketch i s  unchanged. A s  an example of the  modification 
brought about by the  inc lus ion  of temperature e f f e c t s ,  t h e  jump i n  the mag- 
n e t i c  induction across  t h e  contact  surface is  ca lcu la ted  f o r  
The jump is given by 

If the  quan t i t i e s ,  bo and bs, are replaced by 

MA = 1.54. 

b, - bs = 1.68 - 1.63 = 0.05 

f o r  cold,  ambient plasma. 
t he  jump is  given by 

For t h e  same AlfvGn Mach number and De= P i = O . O l ,  
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The predic ted  increase i n  the  surface cur ren t  a t  t h e  p i s ton  i s  one of t h e  
conspicuous d i f fe rences  between t h e  numerical r e s u l t s  f o r  cold and t ep id  ambi- 
e n t  plasma with 
and 15 ) . l $ ~  = 1.54 t h a t  have been presented ( c f .  f i g s .  2 ( a ) ,  14(a) ,  

CONCLUDING REMARKS 

Presentat ion of da t a  i n  the  graphica l  form used i n  t h i s  paper makes it 
poss ib le  t o  observe c e r t a i n  wave systems and t h e  evolut ion of the  magnetic 
s t r u c t u r e  i n  the  compressed layers  of plasma. From the  number of cases con- 
s idered,  it i s  poss ib le  t o  i d e n t i f y  c e r t a i n  p rope r t i e s  of t he  flow f i e l d  with 
i t s  boundary condi t ions.  
(MA < 2 )  moving i n t o  cold plasma, t he  waves o r ig ina t e  a t  t h e  magnetic p i s t o n  
with vanishingly s m a l l  amplitude and move forward with increasing amplitude 
and spacing. As time progresses,  the  compressed l aye r  of plasma thickens t o  
where i t s  foremost p a r t  forms a long t r a i n  of equal ly  spaced smooth waves a l l  
of t h e  same shape. All shee ts  of plasma remain i n  t h e i r  o r i g i n a l  formation 
o r  order  throughout t he  durat ion of t he  event .  It appears t h a t  a s m a l l  i n i -  
t i a l  temperature of t he  ambient gas can destroy the  smooth magnetic p r o f i l e s  
and the  highly organized s l ab  motion and increase the  jwnp i n  the  magnetic 
f i e l d  a t  the  contact  surface.  

For compression waves with s u b c r i t i c a l  s t r eng th  

When the  A l f v &  Mach number of t h e  wave f r o n t  approaches 2, a s l ab  or  
s labs  of ions move out  of order  on wild excursions causing jaggedness i n  the  
magnetic p r o f i l e .  Such random wandering becomes more frequent  as MA 
increases  and eventua l ly  br ings  about t he  rap id  and complete des t ruc t ion  of 
order l iness  i n  the  compressed l aye r  when MA i s  s u b s t a n t i a l l y  above 2. If 
t he  ambient plasma is  warm, t he  radomization o r  thermalizat ion of the  com- 
pressed gas occurs at lower values of MA, bu t  t h e  ove r -a l l  f ea tu re s  of the  
flow f i e l d  a re  not  a l t e r e d  appreciably.  When d isorder  i s  s ign i f i can t ,  t he re  
i s  such a wide range of f l u i d  motions t h a t  t he  de t a i l ed  flow fea tu res  of each 
s i t u a t i o n  appear t o  be i n d i v i d u a l i s t i c  with only t h e  gross f ea tu res  being 
common t o  the  e n t i r e  group of so lu t ions  f o r  MA > 2. Disorder i n  t h e  shee t  
arrangement i s  c lose ly  t i e d  t o  the  roughness i n  t h e  magnetic f i e l d  p r o f i l e .  

Ease of d e f i n i t i o n  o r  sharpness of t he  compressed l aye r  a t  i t s  boundaries 
i s  a requirement f o r  t h e  experimenter i n t e re s t ed  i n  measuring the  loca t ion  
and thickness of the compressed layer .  It i s  therefore  t o  be noted t h a t  t he  
f r o n t  of tne  s u b c r i t i c a l  waves would be qu i t e  easy t o  de t ec t  but  the  loca t ion  
of the  contact  region o r  t h e  magnetic p i s ton  i s  obscure. 
i s  intense enough t h a t  MA > 2, the  magnetic p i s t o n  i s  prominent bu t  t he  wave 
f r o n t  tends t o  blend with the  ambient f i e l d  - espec ia l ly  when the  undisturbed 
gas has an i n i t i a l  temperature. 

When the  disturbance 
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Calculations c a r r i e d  out f o r  the graphs presented here  usua l ly  assume 
the  m a s s  r a t i o ,  R, t o  be 25. When a wave propagates with a speed f o r  which 
the  Alfv& Mach numbers i s  l e s s  than 2, and t h e  ambient plasma is  cold, t he  
r e s u l t  i s  independent of R and hence appl icable  t o  any s i t u a t i o n  i n  which 
the  o ther  parameters apply. I n  the  supe rc r i t i ca l ,  cold plasma cases and i n  
a l l  of t he  warm plasma cases,  t he  so lu t ions  a r e  found t o  depend on the  mass 
r a t i o  according t o  the  approximate ru l e  given by Auer, H u r i i i t z ,  and Kilb, 
t h a t  i s ,  T ~ / T Z  = X l / X 2  = ( R 1 / R 2 )  'I2. Qua l i t a t ive  proper t ies  of the  flow f i e l d  
a r e  ca r r i ed  over very wel l ,  and a number of quant i ta t ive  d e t a i l e d  fea tures  a r e  
a l s o  represented i f  a s m a l l  time s h i f t  i s  appl ied i n  addi t ion  to the  foregoing 
r u l e .  

Final ly ,  it i s  t o  be noted t h a t  t h e  phys ica l  s i t u a t i o n s  t h a t  l ed  t o  the 
ana lys i s  and ca lcu la t ions  presented here vary with three  space dimensions and 
time, whereas the  so lu t ions  were ca r r i ed  out f o r  a flow f i e l d  t h a t  i s  a func- 
t i o n  of one space dimension and time. If these r e s u l t s  a r e  used t o  study a 
two- or three-dimensional configurat ion,  only c e r t a i n  f ea tu res  found for the 
compressed l aye r  i n  one-dimension can be appl ied t o  segments of the two- and 
th ree  -dimens tona l  waves. 

Ames Research Center 
National Aeronautics and Space Administration 

Moffett Field,  C a l i f . ,  Aug. 31, 1964 

39 

. . .  



APPENDIX 

&S& OF TKF: LITERATURE RELATED TO PRESENT WORK 

Theoret ical  considerat ion of magnetic compression waves i n  r a r e f i e d  
plasmas appears t o  have s t a r t e d  with t h e  work of Adlam and Allen ( refs .  3 
and 4 ) .  
as a s o l i t a r y  wave propagating i n  a d i r e c t i o n  perpendicular t o  the  ambient 
magnetic f i e l d .  It is  assumed the re  t h a t  t he  o r i g i n a l  thermal energy of a 
p a r t i c l e  i s  negl ig ib le  i n  comparison with t h e  energy it acquires i n  the  wave; 
t h a t  i s ,  the  ambient gas i s  e f f e c t i v e l y  a t  zero temperature o r  cold.  Also, 
t he  p a r t i c l e s  may move i n  an x and y d i r e c t i o n  but  are not  permitted t o  
interchange pos i t i ons  or permute t h e i r  order .  Since even a s m a l l  charge sep-  
a r a t i o n  r e s u l t s  i n  a l a rge  e l e c t r i c  f i e l d ,  t he  number dens i t i e s  of the  e l ec -  
t rons  and protons are taken t o  be everywhere equal .  The e l e c t r i c  f i e l d  i n  
t h e  d i r ec t ion  of wave motion i s  determined as t h a t  required t o  force  a given 
p a i r  of e lec t rons  and ions t o  have the  same x ve loc i ty .  Such an assumption 
is  equivalent t o  the  statement t h a t  t he  plasma frequency is  much much g r e a t e r  
than t h e  ion o r  e l ec t ron  cyclotron frequency. E l e c t r o s t a t i c  o s c i l l a t i o n s  a r e  
assumed thereby t o  p lay  an in s ign i f i can t  r o l e  compared with motions r e su l t i ng  
from the  magnetic f i e l d .  Subsequent inves t iga t ions  of the  s t ruc tu re  of the  
wave and of t h e  compressed l aye r  ( r e f s .  5 through 17) t r e a t  the nature  of 
these compression waves and t h e i r  app l i ca t ion  t o  c e r t a i n  phys ica l  s i t u a t i o n s .  
Generalization of these  r e s u l t s  t o  a plasma t h a t  has a temperature before  it 
en te r s  the  wave is  fiescribed i n  references 18 through 23. The s t r u c t u r e  of 
an e l e c t r o s t a t i c  shock ( B  = 0)  is s tudied  i n  reference 24. Changes brought 
about by e l e c t r o s t a t i c  o s c i l l a t i o n s  on an i n i t i a l l y  cold plasma embedded i n  
a magnetic f i e l d  are s tudied  i n  reference 25. Recently, t h e  second author of 
t h i s  paper extended i n  reference 26 t h e  material  of references 1 and 2 t o  
include charge separat ion by t r e a t i n g  the  motion of e lec t rons  and ions as 
independent p a r t i c l e s  r a t h e r  than as p a i r s .  References 2'7 through 30 consider 
the wave c h a r a c t e r i s t i c s  when the  ambient magnetic f i e l d  is e i t h e r  p a r a l l e l  
t o  o r  canted a t  an a r b i t r a r y  angle t o  the  d i r e c t i o n  of propagation. 

They analyzed the  s t r u c t u r e  of a dis turbance probably b e s t  described 

!The majori ty  of the aforementioned papers employ d i f f e r e n t i a l  equations 
t h a t  a r e  solved a n a l y t i c a l l y  o r  numerically f o r  a mathematically continuous 
plasma. Solut ion by d i r e c t  numerical i n t eg ra t ion  of t he  bas ic  d i f f e r e n t i a l  
equations f o r  a d i s c r e t e  model of a plasma i n  a magnetic f i e l d  w a s  f i rs t  
ca r r i ed  out  by Auer, Hurwitz, and Kilb i n  references 1 and 2 wherein they 
examined the  s t r u c t u r e  of t he  e n t i r e  compression region i n  d e t a i l .  Lagrangian 
coordinates were employed t o  follow the  motion of groups of p a r t i c l e s  from 
which t h e  l o c a l  e l e c t r i c  and magnetic f i e l d s  w e r e  determined. Agreement with 
the  previous a n a l y t i c a l  r e s u l t s  w a s  found t o  be good f o r  waves t h a t  move a t  
AlfvGn Mach numbers between 1 and 2. For higher  wave speeds, a new type of 
s t r u c t u r e  f o r  t he  compressed l aye r  not  previously pred ic ted  w a s  discovered 
and i s  reported i n  reference 2. 
of t he  flow quan t i t i e s  suggesting a temperature increase o r  thermalizat ion 
of the  o r i g i n a l l y  cold and w e l l  ordered ions.  

It cons i s t s  of a randomlike d i s t r i b u t i o n  
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Questions a r i s e  as t o  the  convergence and accuracy of such numerical 
so lu t ions  as compared with so-cal led exact  r e s u l t s  because the  governing 
d i f f e r e n t i a l  equations a r e  replaced by d i f fe rence  equations and because the  
continuum plasma i s  replaced by d i s c r e t e  elements. Ins ight  i s  obtained f o r  
the  r e l i a b i l i t y  of such a method by r e f e r r i n g  t o  s tud ie s  of c o l l i s i o n l e s s  
plasmas under s e v e r a l  d i f f e r e n t  s i t ua t ions  ( r e f s .  3 l t h r o u g h  36) wherein the  
technique is similar and the  computer s tud ie s  of t he  d i s c r e t e  models employed 
recover the exact r e s u l t s .  Although these r e s u l t s  a r e  not  d i r e c t l y  appl icable  
t o  the  present  inves t iga t ion ,  they tend t o  br ing about a f ee l ing  of confidence 
t h a t  t he  numerical r e s u l t s  presented here do approximate qui te  c lose ly  the  
so lu t ion  of the  d i f f e r e n t i a l  equations and therefore  do represent  t he  flow 
f i e l d  considered. 
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Figure 1.- Development of magnetic induction with time for a weak disturbance: 
eo = 1.0, bo = 2.0 (MA = 1.16), R = 25. 
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(a) Magnetic induction. 

Figure 2.- Development of flow field with time for a weak disturbance: 
eo = 1.0, bo = 1.0 (m = 1.54), R = 25. 
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( b )  Time-distance records of every t en th  shee t ,  Xk vs.7; k = 1, 11, 21, . . . 
Figure 2.- Continued. 
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( e )  Dis t r ibu t ion  i n  ve loc i ty  space f o r  a l l  sheets,  ? = VV*/U*. 

Figure 2. - Cone luded . 
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Figure 3.- Development of magnetic induction with time for a weak disturbance: 
eo = 1.0, bo = 0.7 (MA = 1.94), R = 25. 
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Figure 4.- Development of magnetic induction with time for transitional 
disturbance: eo = 1.0, bo = 0.6 (MA = 2.17), R = 25. 
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(b) T = 71 - 140 
Figure 4. - Concluded. 
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(a) Magnetic induction, T = 0 - 70. 

Figure 5.- Development of flow field with time for a strong disturbance: 
eo = 1.0, bo = 0.2 (MA = 5.80) ,  R = 25. 
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Figure 5.- Continued. 
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(e) Magnetic induction, T = 141 - 210. 
Figure 5.- Continued. 
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( d )  Magnetic induction, T = 211 - 260. 
Figure 5 .  - Continued. 
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Figure 5. - Continued. 
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Figure 5.- Continued. 
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( g )  Dis t r ibu t ion  i n  ve loc i ty  space f o r  a l l  sheets ,  v = W*/U*. 
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Figure 5 . - Concluded. 
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(a) T = 0 - 70 

Figure 6.- Development of magnetic induction with time for strong disturbance: 
eo = 1.0, bo = 0.1 (MA = 11.43)? R = 25.  
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Figure 6. - Continued. 
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( c )  T = 141 - 210 

Figure 6.- Continued, 
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(d )  T = 211 - 277 

Figure 6. - Concluded. 
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( a )  Magnetic induct ion.  

Figure 7 . -  Growth of t he  flow f i e l d  with time f o r  a weak dis turbance moving 
i n t o  an opposi te ly  d i r ec t ed  ambient magnetic f i e l d :  eo = 1.0, 
bo = -1.0 (MA = 1.54), R = 2 5 .  
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( b )  Time-distance records of every t e n t h  e l e c t r o n  sheet;  k = 1, 11, 21, . . . 
( c )  Time-distance records of every t en th  ion sheet;  k = 1, 11, 21, . . . 

Figure 7. - Concluded. 
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T' 

Figure 8.- Development of the  magnetic induction with time for a strong d i s -  
turbance moving i n t o  an opposi te ly  d i r e c t e d  ambient magnetic f i e l d :  
eo = 1.0, bo = -0.2 (MA = 5.80), R = 2.5. 
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( a )  R = 4, Ar p l o t  = 0.4. 

Figure 9 . -  Development of t he  magnetic induction with time f o r  a s t rong d i s -  
turbance f o r  s e v e r a l  d i f f e r e n t  m a s s  r a t i o s  and time in t e rva l s  between 
graphs: eo = 1.0,  bo = 0.2 (MA = 5.80). 
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(b) R = 4, AT p l o t  = 1.0. 

Figure 9. - Continued. 
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( c )  R = 100, & p l o t  = 1.0. 

Figure 9. - Continued. 



/ 

50 LOO 150 X 

(d) R = 100, AT p l o t  = 2.0. 

Figure 9.- Concluded. 



Figure 10.- Magnetic induction distribution during impact of a subcritical 
weak disturbance with centerplane: eo = 1.0, bo = 1.0 (TJIA = 1.541, 
R = 25, Xm = 30. 
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(a) Magnetic induction. 

Figure 11.- Impact of a weak disturbance with centerplane: e, = 1.0, 
bo = 0.7 (MA = 1.94), R = 25, Xm = 100. 
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( b )  Time-distance records of every t en th  e l ec t ron  sheet ;  k = 1, 11, 21, . . . 
( e )  Time-distance records of every t e n t h  i o n  sheet ;  k = 1, 11, 21, . . . 

Figure 11. - Concluded. 
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(a) Magnetic induction. 

Figure 12.-  Flow f i e l d  t h a t  r e s u l t s  f r o m  r e v e r s a l  of impressed e l e c t r i c  f i e l d  
during compression of plasma: 
T > - 20, bo = 1.0 (MA = 1.54), R = 25. 

eo = 1.0 for T < 20, EX(O,T)  = -1.0 for 
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( b )  Time-distance records of every t e n t h  e l ec t ron  sheet;  k = 1, 11, 21, . . . 
( c )  Time-distance records of every t e n t h  ion sheet;  k = 1, 11, 21, . . . 

Figure 12. - Concluded. 
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Figure 13.- Ef fec t  on i n i t i a l  ambient magnetic induct ion d i s t r i b u t i o n  brought 
about by var ious ways i n  which temperature manifests i t s e l f :  
bo = 0.908 
Peg = 0.01, pi = 0.2, T = 1.0. 

eo = 1.0, 
(bo 41 + Pe + P i  = 1; MA = 1-54), R = 25,  Pg = 0.008, 
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(a) Magnetic induction. 

Figure 14.- Development of flow field with time for a weak disturbance moving 
into a warm plasma: 
MA = 1.54), R = 25, fig = 0.01, peg = 0,01, pi = 0.01, && random, 
;ilk random, Jk random. 

eo = 1.0, bo = 0.988 (bo 41 + ;e + ?i = 1; 
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(b) Time-distance records of every tenth electron sheet; k = 1, 11, 21, . . . 
(c) Time-distance records of every tenth ion sheet; k = 1, 11, 21, . . . 

Figure 14.- Concluded. 
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Figure 15. - Development of magnetic induction with time f o r  weak disturbance 
moving i n t o  w a r m  plasma: 
MA = 1.54), R = 25, Pg = 0.0001, Peg = 0.0001, p i  = 0.0025, m k  random, 
Ak random, Jk random. 

-~ 
eo = 1.0, bo = 0.777 ( b o d 1  + Pe + P i  = 1; 
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(a) Magnetic induction. 

Figure 16.- Development of flow field with time for a strong disturbance 
moving into a warm plasma: 
MA = 5 - 8 0 ) ,  R = 25, pg = 0.008, Beg = 0.01, pi = 0.2, AXk random, 
xk random, Jk random. 

eo = 1.0, bo = 0.181 (bo 41 + Pe + 3-i = 0.2; 

81 



70 - 

(b) 

60 - Electrons 

50 - 

70 - 

(C) 

60 - 

50 - 

Ions 

0 15 30 40 

Sheet loco 

60 75 90 

on,Xk- 

I 

I 
I05 

(b) Time-distance records of every tenth electron sheet; k = 1, 11, 21, . . . 
(c) Time-distance records of every tenth ion sheet; k = 1, 11, 21, . . . 

Figure 16.- Concluded. 
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( a )  Magnetic induction. 

Figure 17.- Development of flow f i e l d  with time f o r  a s t rong  dis turbance 
moving i n t o  a w a r m  plasma: 
MA = 5.80), R = 25, pg = 0.008, peg = 0.01, pi = 0.2, &$ random, 

eo = 1.0, bo = 0.181 (bo 41 + Pe + P i  = 0.2; 

xk random, Jk = 0. 
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(b) Time-distance records of every tenth electron sheet; k = 1, 11, 21, . . . 
(c) Time-distance records of every tenth i o n  sheet; k = 1, 11, 21, . . . 
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Figure 17.- Concluded. 
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